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WHAT ARE "S" PARAMETERS?

"S" parameters are reflection and transmission coefficients,
familiar concepts to RF and microwave designers. Transmission co-
efficients are commonly called gains or attenuations; reflection co-
efficients are directly related to VSWR's and impedances.

Conceptually they are like "h," "y," or "z" parameters because
they describe the inputs and outputs of a black box. The inputs and
outputs are in terms of power for "s" parameters, while they are
voltages and currents for "h," "y," and "z" parameters. Using the
convention that "a" is a signal into a port and "b" is a signal out
of a port, the figure below will help to explain "s" parameters.
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In this figure, "a" and "b" are the square roots of power; (a,)J is
the power incident at port 1, and (b2)

2 is the power leaving port 2.
The diagram shows the relationship between the "s" parameters
and the "a's" and "b's." For example, a signal a, is partially re-
flected at port 1 and the rest of the signal is transmitted through
the device and out of port 2. The fraction of a, that is reflected at
port 1 is Sn, and the fraction of a, that is transmitted is s,(. Simi-
larly, the fraction of az that is reflected at port 2 is $32, and the
fraction 5u is transmitted.

The signal bi leaving port 1 is the sum of the fraction of a, that
was reflected at port 1 and the fraction of a? that was transmitted
from port 2.

Thus, the outputs can be related to the inputs by the equations:

bi = SM 3, -f Su 3i

s» a2

and when a, = 0,

b, b,

j = Si. a, -f

When ai = 0,

Sn — , Su —
b,

a, ' ' a, - ai

The setup below shows how su and Su are measured.
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"S" parameters are measured so easily that obtaining accurate
phase information is no longer a problem. Measurements like elec-
trical length or dielectric coefficient can be determined readily from
the phase of a transmission coefficient. Phase is the difference be-
tween only knowing a VSWR and knowing the exact impedance.
VSWR's have been useful in calculating mismatch uncertainty, but
when components are characterized with "s" parameters there is no
mismatch uncertainty. The mismatch error can be precisely calcu-
lated.

Easy To Measure

Two-port "s" parameters are easy to measure at high frequencies
because the device under test is terminated in the characteristic
impedance of the measuring system. The characteristic impedance
termination has the following advantages:

1. The termination is accurate at high frequencies ... it is
possible to build an accurate characteristic impedance load. "Open"
or "short" terminations are required to determine "h," "y," or "z"
parameters, but lead inductance and capacitance make these termi-
nations unrealistic at high frequencies.

2. No tuning is required to terminate a device in the characteristic
impedance . . . positioning an "open" or "short" at the terminals of
a test device requires precision tuning. A "short" is placed at the
end of a transmission line, and the line length is precisely varied un-
til an "open" or "short" is reflected to the device terminals. On the
other hand, if a characteristic impedance load is placed at the end
of the line, the device will see the characteristic impedance regard-
less of line length.

3. Broadband swept frequency measurements are possible . . .
because the device will remain terminated in the characteristic im-
pedance as frequency changes. However, a carefully reflected "open"
or "short" will move away from the device terminals as frequency
is changed, and will need to be "tuned-in" at each frequency.

4. The termination enhances stability ... it provides a resistive
termination that stabilizes many negative resistance devices, which
might otherwise tend to oscillate.

An advantage due to the inherent nature of "s" parameters is:

5. Different devices can be measured with one setup . . . probes
do not have to be located right at the test device. Requiring probes
to be located at the test device imposes severe limitations on the
setup's ability to adapt to different types of devices.

Port 1 is driven and aj is made zero by terminating the 50 n
transmission line coming out of port 2 in its characteristic 50 ^
impedance. This termination ensures that none of the transmitted
signal, bj, will be reflected toward the test device.

Similarly, the setup for measuring s,j and sn is:

50 a TRANSMISSION LINE 5011 TRANSMISSION LINE

son
TERMINATION TERMINATION

RF SOURCE

If the usual "h," "y," or "z" parameters are desired, they can be
calculated readily from the "s" parameters. Electronic computers
and calculators make these conversions especially easy.

WHY "S" PARAMETERS

Total Information

"S" parameters are vector quantities; they give magnitude and
phase information. Most measurements of microwave components,
like attenuation, gain, and VSWR, have historically been measured
only in terms of magnitude. Why? Mainly because it was too difficult
to obtain both phase and magnitude information.

Easy To Use

Quicker, more accurate microwave design is possible with "s"
parameters. When a Smith Chart is laid over a polar display of s,,
or s», the input or output impedance is read directly. If a swept-
frequency source is used, the display becomes a graph of input or
output impedance versus frequency. Likewise, CW or swept-frequency
displays of gain or attenuation can be made.

"S" parameter design techniques have been used for some time.
The Smith Chart and "s" parameters are used to optimize matching
networks and to design transistor amplifiers. Amplifiers can be de-
signed for maximum gain, or for a specific gain over a given fre-
quency range. Amplifier stability can be investigated, and oscillators
can be designed.

These techniques are explained in the literature listed at the
bottom of this page. Free copies can be obtained from your local
Hewlett-Packard Sales Representative.
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INTRODUCTION

THE STATE OF HIGH-FREQUENCY CIRCUIT DESIGN

The designer of high-frequency circuits can now do in
hours what formerly took weeks or months. For a
longtime there has been no simple, accurate way to
characterize high-frequency circuit components. Now,
in a matter of minutes, the frequency response of the
inputs and outputs of a device can be measured as
s parameters.

As shown in some of the articles in this application
note, an amplifier circuit can be completely designed
on a Smith Chart with s-parameter data. Circuit de-
sign is greatly accelerated by using small computers
or calculators to solve lengthy vector design equations.
This leads to some creative man-machine interactions
where the designer can "tweek" his circuit via the
computer and see how its response is affected The
computer can search through hundreds of thousands of
possible designs and select the best one. An even more
powerful approach that makes one's imagination run
away with itself is to combine the measuring equip-
ment and the computer as in the HP 8541A. Theoret-
ically, one could plug in a transistor, specify the type
of circuit to be designed, and get a readout of the op-
timal design.

This note consists primarily of a collection of recent
articles describing the s-parameter design of high-
frequency circuits. Following the articles is a brief
section describing the rather straightforward technique
of measuring s parameters. Many useful design
equations and techniques are contained in this litera-
ture, and amplifier design, stability, and high-fre-
quency transistor characterization are fully discussed.
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SECTION I

MICROWAVE TRANSISTOR CHARACTERIZATION

Julius Lange describes the parameters he feels are
most important for characterizing microwave tran-
sistors. These include the two-port s parameters,
MSG (maximum stable gain), Gmax (maximum tuned
or maximum available gain), K (Rollett's stability
factor), and U (unilateral gain). The test setups used
for measuring these parameters are described and a
transistor fixture for Tl-line transistors plus a slide
screw tuner designed by Lange are shown. Thearticle
concludes with equations relating y parameters, h
parameters, MSG, Gmax, K, and U to the two-port
s parameters.
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K (Rollett's Stability Factor 1-6
U (Unilateral Gain - Mason Invariant) 1-7
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Tr.XAS INSTRUMENTS
INCORPORATED

COMPONENTS GROUP

MICROWAVE TRANSISTOR CHARACTERIZATION

INCLUDING S-PARAMETERS*

by

Julius Lange

A. INTRODUCTION

Since introduction of transistors with much improved high frequency capabilities,
new techniques and hardware for transistor characterization have been developed,
Older methods, such as characterization by H or Y parameters, are not suitable above
1 GHz since at these frequencies the package parasitics affect the response significantly.

Also, test equipment for measuring those parameters directly is not available.

When measurements above 1 GHz are made on discrete components such as tran-
sistors or diodes the following basic difficulties arise:

1) Terminals of the intrinsic device (semiconductor chip) are not
directly accessible; that is, between the device and the measurement
apparatus there is interposed a network consisting of package

parasitics, transmission lines, etc. Thus, the device properties
have to be measured with respect to some convenient external
terminals, and then referred back to the intrinsic device via a

mathematical transformation. This makes characterization in
terms of invariant parameters such as maximum available gain
(maximum tuned gain), maximum stable gain, and unilateral gain

very attractive.

2) Special care must be taken to ensure that the tuning and dc bias
networks do not present reactive, that is non-dissipative, impedances
to the transistor at low frequencies causing insufficient loading, which
can easily result in oscillations. The use of slide-screw tuners and

The majority of the data presented in this paper was developed by Texas
Instruments Incorporated under Contract No. DA 28-043 AMC-01371(E) for the
United States Army Electronics Command, Fort Monmouth, New Jersey.
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characterization in terms of S-parameters greatly alleviates this
problem.

3) If open or short circuit terminations are desired, as is necessary
for H, Y, or Z parameter measurements, resonant lines must be
used. This causes a high degree of frequency sensitivity which
makes broadband swept frequency measurements impossible and
may allow the transistor to oscillate. Since broadband 50 Q termi-
nations are easily obtainable using standard components, S-parameter
measurements are more practical.

4) The sources of error are multiplied and special attention must be
paid to consistency and accurate calibration. A consistent set of
reference planes must be established and losses and discontinuities
must be held to a minimum.

B. S-PARAMETER MEASUREMENTS

The small signal response of a discrete two-port device is defined in terms of
four variables vi, ii, v%, and i%, the voltages, and currents at the input and output
terminals respectively as shown in Figure 1. Any two of the variables can be chosen
as the independent variables making the other two dependent variables. This gives rise
to the familiar Z, Y, and H parameters. In the S-parameter representation linear
combinations of the currents and voltages are used as the independent and dependent
variables. The independent variables are defined as:

V

< V

the dependent variables as:

(v
2
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TWO PORT

a2

V2

Figure 1 . Two-Port Relations

Here ZQ is a real impedance called the characteristic impedance. Thus, the S-parameter

matrix is defined by:

bl = 12

By slightly changing the definitions, complex values of Zo different for the two ports

can be used. But these have theoretical significance only and are impractical for

measurements. Since 50 £1 coaxial transmission line components such as slotted
lines and directional couplers are readily available, Zo is generally taken to be 50 ^2.

At times a^ and a2 are referred to as the "incident voltage waves" and b-^ and

bo as the "reflected voltage waves". If the device is terminated in Zo at the input and
i - 9 . - o

output, Sjj and S22
 are the input and output reflection coefficients, |S2i|" and ISj^l

are the forward and reverse insertion gains, and /S2i and /S^2 are the insertion phase
shifts. Also ail2 is the power available from the generator (internal impedance =Z0)

and |b2J2 is the power dissipated in the load (load=Zo). A derivation of these relation-
ships is given in the appendix.
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The S-parameters completely determine the small signal behavior of a device.
Formulas for deriving the Y and H parameters and various gain and stability relation-
ships from the S-parameters are given in the appendix.

The S-parameters can be measured using commercial test sets such as the -hp-
841OA network analyzer. A block diagram of the measurement setups is shown in Figures
2 and 3. Figure 2 illustrates the measurement of the transmission coefficients S12 and
821. A swept-frequency source feeds a power divider which has two outputs, a reference
channel and a test channel. The device to be measured is inserted into the text channel
and a line stretcher is inserted into the reference channel. The line stretcher compen-
sates for excess electrical length in the device. Both channels are then fed to the test
set which measures the complex ratio between the two signals. This ratio is the desired
parameter.

The reflection coefficients S-,, and 892 are measured using the setup shown in
Figure 3. There the swept-frequency source is fed into a dual-directional coupler.
One port of the device is connected to the measurement port of the coupler the other
port is terminated in a 50 £2 load. The reference output of the coupler which samples
the incident wave is fed to the complex ratio test set via a line stretcher. The test out-
put which samples the wave reflected from the device is fed directly to the test set.
The line stretcher allows the plane at which the measurement is made to be extended
past the connector to the unknown device.

TEST CHANNEL
DEVICE

SWEPT
FREQUENCY

SOURCE

POWER
DIVIDER

TEST
SET

REFERENCE CHANNEL

LINE
STRETCHER

SCO8527

Figure 2 . Setup for Measuring S-,2 and
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SWEPT
FREQUENCY

SOURCE
DUAL DIRECTIONAL COUPLER

REFERENCE
OUTPm"

LINE TEST
STRETCHER OUTPUT

j

TEST

SET

DEVICE 50 Q LOAD

SC08529

Figure 3. Setup for Measuring S-,-1 and 822

The stretchable lines in the measurement setups, Figures 2 and 3, allow the input

and output measurement planes to be placed anywhere. Care must be taken to ensure

that all four S-parameters are measured with reference to the same planes. Sexless

connectors such as GR900 or APC-7 are used to establish the reference planes. These

connectors allow precision shorts to be placed exactly at the mating planes of the

connectors.

Since S-,-, and S22 are reflection coefficients. They can be measured with a

slotted line. This is the most accurate method; it is, however, cumbersome and

unsuited for swept frequency measurements. The reflectometer method described

above is much more convenient. The transmission coeficients, S12 and S2-, cannot

be measured with a slotted line.

Test fixtures and dc bias injection networks used for S-parameter measurements
must have low loss and very low VSWR. Design principles will be discussed below in

the section on test fixtures .

C . GAIN AND STABILITY MEASUREMENTS

While it is true that the S-parameters of transistor completely and uniquely

characterize it for the small signal condition several gain and stability parameters

(MSG, GMAX, K, and U) are measured for the following reasons:
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The S-parameters do not give any direct indication of the level of perfor-
mance of the device as an amplifier.

Even though these parameters can be calculated from the S-parameters,
direct measurement is preferable to calculation by formula because
of round-off errors.

These parameters are invariant under various transformations. This
makes them insensitive to header parasitics and reference plane
location. Thus the parameters are the same for the bare chip as
for the packaged device. This allows one to evaluate the intrinsic
capabilities of the chip itself.

Gain and stability parameters are defined below:

1. MSG (Maximum Stable Gain)— is the square root of the ratio of the forward
to the reverse power gain. The only requirement is that the device terminations be the
same for both measurements. MSG is uneffected by input or output parasitics but it is
sensitive to feedback parasitics such as common lead inductance or feedthrough
capacitance.

2. GMAX (Maximum Tuned Gain-Maximum Available Gain) — is the forward
power gain when the input and the output are simultaneously conjugately matched.
GMAX is only defined for an unconditionally stable device (K > 1, see below). It is
uneffected by lossless input or output parasitics but it is sensitive to loss or feedback.

3. K(Rollettts Stability Factor I/) is a measure of oscillatory tendency. For
K< 1 the device is potentially unstable and can be induced into oscillation by the appli-
cation of some combination of passive load and source admittances. For K > 1 the
transistor is unconditionally stable, that is in the absence of an external feedback path,
no passive load or source admittance will induce oscillations. K is the inverse of
Linvill!s C factor and plays an important part in amplifier design.

For K > 1, K can be computed from the MSG and GMAX by the formula:

_ J_ /MSG GMAX \
2 \GMAX " MSG /

For K < 1, K must be computed from the S-parameters as shown in the
appendix.

1-6



2/4. U (Unilateral Gain-Mason Invariant^-' is the most unique figure of merit
for a device. It is defined as the forward power gain in a feedback amplifier whose
reverse gain has been adjusted to zero by a lossless reciprical feedback network.
Because of the feedback loop employed in the measurement of UG, the transistor may
be imbedded in any lossless-reciprocal network without changing its unilateral gain.
This makes unilateral gain invariant with respect to any lossless header parasitics or
changes in common lead configuration.

Alternately U can be derived from MSG, K, and 0, the difference between
forward and reverse phase shift. This difference, being the "phase of MSG" is in-
variant under input and output transformations like the MSG itself. The formula for
U is!/:

U =
MSG - 2 cos 9 + MSG

2 (K - cos 9)

-1
MSG

2 (K - cos 6)

Figure 4 shows a setup for measuring MSG, GMAX, K, and U in one simple
procedure as follows:

Tune for maximum forward gain and record gain (which is GMAX) and
phase.

Turn device and tuners around and record gain and phase.

Get gain ratio and phase difference, as described above, and calculate
MSG, K. andU.

nPNIFRATTIR
PV

D
/R.
V.

,
TUNER DEVICE TUNER

TFST SFT

INTERCHANGE THESE
TERMINALS FOR REVERSE
MEASUREMENTS

SC08530

Figure 4. Setup for Measuring MSG, GMAX, K, U
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D. TEST FIXTURES

Measurements at frequencies above 1 GHz require test fixtures which have low
loss and VSWR. An example which fulfills these requirements is the improved mount

/s>
for TI-Line packages shown in Figure 5. This mount contains two low VSWR coax

to stripline adaptors which feed the input and output 50 fi tri-plate strip transmission

lines. These lines are carried to the very edge of the package. Contact to the input

and output leads is made by clamping the flat leads between the striplines and the upper

dielectric.

Another important feature of the mount is the grounding scheme. For a three-

terminal device in a tri-plate structure, it is very important to ground the device to

both ground planes at the same point. Therefore, the flange of the transistor package

is clamped between the two ground planes. The ground lead of the package serves no

purpose other than mechanical alignment.

When designing tuning and bias insertion networks for use above 1 GHz the low

frequency response must be taken into account, since most devices have high gain at

low frequencies and will break into oscillations when insufficiently loaded. For S-

parameter measurements the device terminations should present 50 fi at least down

to 10 MHz. This can best be accomplished by inserting high capacitance dc blocks

into the outer conductors of the transmission lines leadings to the device and providing

dc returns through T-pad attenuators. High quality wide-band bias tees can also be

used.

For making tuned power gain measurements, such as MAG and U, the special

slide-screw tuner shown in Figure 6 has been built. It consists of a coaxial 50-fi

characteristic impedance slab line (round center conductor; two slabs as outer con-

ductor ground return) provided with an anodized aluminum tuning slug whose position

and penetration are adjustable. This tuner has the following advantages over the

conventional multiple-stub tuners.

The distance between the device terminals and the tuning elements (movable

slugs) can be made very small. This discourages parasitic osilla-

tions and extends the usable frequency range to 9 GHz, the limiting

frequency of the connectors.

The tuning elements are "transparent" at dc and low frequencies. Thus

the dc bias elements can be placed outside of the tuning elements in
a low VSWR portion of the system. Consequently losses are reduced

and made independent of the VSWR of the transistor, making it easy

to account for them.
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TYPE N CONNECTOR

BRASS
(GOLD PLATED)

TELLITE

®

Tl -LINE PACKAGE

0.190

ALL DIMENSIONS ARE IN INCHES

SC02080

Figure 5. Improved TI-Line Mount
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If high-capacitance outer blocks and T-pad attenuators are used for biasing
the transistor sees 50 fi at both input and output at low frequencies,
resulting in heavy loading which very effectively suppresses oscilla-
tory tendencies.

VSWRs as high as 30 have been achieved at 1 GHz while still maintaining
low loss.
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APPENDIX

SPECIAL S-PARAMETER RELATIONSHIPS

S = output reflection coefficient
2

l2
a | = • B ' • ' = power available from generator

2 2
' = Y ' V ' = output P°wer

|S | = forward transducer (insertion) gain

Derivations:

Then

1, = i - Y v,
1 E B 1

Conversion Formulas

(1+S1 0

12(21) -S
'2 (211 7 -1

-S12S21 + (1 + V (1+S22>
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SCATTERING PARAMETERS SPEED DESIGN OF

HIGH-FREQUENCY TRANSISTOR CIRCUITS

Fritz Weinert's article gives the neophyte a particu-
larly good under standing of s parameters and how they
relate to transistors and transistor circuit design.
Weinert lucidly explains how to design a stable ampli-
fier for a given gain over a specified bandwidth. He
concludes by discussing the accuracy and limitations
of his measuring system.
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Design theory Electronics

Scattering parameters speed design
of high-frequency transistor circuits

At frequencies above 100 Mhz scattering parameters

are easily measured and provide information difficult to obtain

with conventional techniques that use h, y or z parameters

By Fritz Weinert

Hewlett-Packard Co., Palo Alto, Calif.

Performance of transistors at high frequencies has
so improved that they are now found in all solid-
state microwave equipment. But operating transis-
tors at high frequencies has meant design problems:

• Manufacturers' high-frequency performance
data is frequently incomplete or not in proper form.

• Values of h, y or z parameters, ordinarily used
in circuit design at lower frequencies, can't be
measured accurately above 100 megahertz because
establishing the required short and open circuit
conditions is difficult. Also, a short circuit fre-
quently causes the transistor to oscillate under test.

These problems are yielding to a technique that
uses scattering or s parameters to characterize the
high-frequency performance of transistors. Scatter-
ing parameters can make the designer's job easier.

• They are derived from power ratios, and conse-
quently provide a convenient method for measuring
circuit losses.

• They provide a physical basis for understand-
ing what is happening in the transistor, without
need for an understanding of device physics.

• They are easy to measure because they are
based on reflection characteristics rather than short-
or open-circuit parameters.

The author

Fritz K. Weinert, who joined the
technical staff of Hewlett-Packard
in 1964, is project leader in the
network analysis section of the
microwave laboratory. He holds
patents and has published papers
on pulse circuits, tapered-line
transformers, digital-tuned circuits
and shielding systems.

Like other methods that use h, y or z parameters,
the scattering-parameter technique does not require
a suitable equivalent circuit to represent the tran-
sistor device. It is based on the assumption that the
transistor is a two-port network—and its terminal
behavior is defined in terms of four parameters, Sn,
s,._., So! and sL-2, called s or scattering parameters.

Since four independent parameters completely
define any two-port at any one frequency, it is pos-
sible to convert from one known set of parameters
to another. At frequencies above 100 Mhz, however,
it becomes increasingly difficult to measure the h,
y or z parameters. At these frequencies it is difficult
to obtain well defined short and open circuits and
short circuits frequently cause the device to oscil-
late. However, s parameters may be measured di-
rectly up to a frequency of 1 gigahertz. Once ob-
tained, it is easy to convert the s parameters into
any of the h, y or z terms by means of tables.

Suggested measuring systems

To measure scattering parameters, the unknown
transistor is terminated at both ports by pure re-
sistances. Several measuring systems of this kind
have been proposed. They have these advantages:

• Parasitic oscillations are minimized because of
the broadband nature of the transistor terminations.

• Transistor measurements can be taken remotely
whenever transmission lines connect the semicon-
ductor to the source and load—especially when the
line has the same characteristic impedance as the
source and load respectively.

• Swept-frequency measurements are possible in-
stead of point-by-point methods. Theoretical work
shows scattering parameters can simplify design.

2-1
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Scattering-parameter definitions

To measure and define scattering parameters the
two-port device, or transistor, is terminated at both
ports by a pure resistance of value Z0, called the
reference impedance. Then the scattering param-
eters are defined by Sn, s12, sai and saa. Their phys-
ical meaning is derived from the two-port network
shown in first figure below.

Two sets of parameters, (ai, bi) and (a2, ba), rep-
resent the incident and reflected waves for the two-
port network at terminals 1-1' and 2-2' respectively.
Equations la through Id define them.

(la)

In matrix form the set of equations of 2 becomes

(Id)

The scattering parameters for the two-port network
are given by equation 2.

bi = Sn ai .+ s,2 a2

b2 = &2\ ai H- SK a2

(2)

S.2

Lb2_

where the matrix

s =
S|2

822.

(3)

(•l)

is called the scattering matrix of the two-port net-
work. Therefore the scattering parameters of the
two-port network can be expressed in terms of the
incident and reflected parameters as:

Sn = -
a2 = 0

S]2 —

822 =

b,

b2

a2

= 0

a, = 0

(5)

a2 = 0

In equation 5, the parameter su is called the input
reflection coefficient; s^ is the forward transmission
coefficient; s^. is the reverse transmission coeffi-
cient; and s^ is the output reflection coefficient. All
four scattering parameters are expressed as ratios
of reflected to incident parameters.

Physical meaning of parameters

The implications of setting the incident param-
eters ai and a^ at zero help explain the physical

I,
+

G1 v,
, b1

I'o

TWO-PORT
NETWORK

h
M - **

+

°2
V2

b3

~ o "'

Scattering parameters are defined by this representation of a two-port network. Two sets of incident and reflected

parameters (al( bi) and (a.., b^) appear at terminals 1-1' and 2-2' respectively.

-IN

TWO-PORT
NETWORK

°2

^b2

r
A

L
— 0-

L

"1
1

J
!

*
ti
j

'OUT

By setting a equal to zero the s;, parameter
can be found. The Zo resistor is thought
of as a one-port network. The condition
a;.- = 0 implies that the reference impedance
R« is set equal to the load impedance Z,,.
By connecting a voltage source, 2 EM,
with the source impedance, Z«, parameter
Sai can be found using equation 5
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meaning of these scattering parameters.
By setting a-_. = 0, expressions for su and s^ can

he found. The terminating section of the two-port
network is at bottom of page 79 with the parameters
aL. and bj of the 2-2' port. If the load resistor Z0 is
thought of as a one-port network with a scattering
parameter

82 =
Rfl2

(6)

where R02 is the reference impedance of port 2,
then as and b-2 are related by

a2 = 82 b2 (7)

When the reference impedance R(W is set equal to
the local impedance Z0) then sa becomes

Zo —/ (8)

so that an = 0 under this condition. Similarly, when
ai = 0, the reference impedance of port 1 is equal
to the terminating impedance; that is, R,>i = Zu.
The conditions ai — 0 and aL. =- 0 merely imply
that the reference impedances R,,i and R.,2 are
chosen to be equal to the terminating resistors Zn.

In the relationship between the driving-point im-
pedances at ports 1 and 2 and the reflection coeffi-
cients sn and Siia, the driving-point impedances can
be denoted by:

7 _Yl. 7 M^>in ~ T j "out ~
ll I'J

From the relationship

(9)

Sn =

a2 = 0

I [(Vi/VZo

which reduces to

Similarly,

S-22 —
Z0,,t

(10)

(11)

(12)

These expressions show that if the reference im-
pedance at a given port is chosen to equal the ports
driving-point impedance, the reflection coefficient
will be zero, provided the other port is terminated
in its reference impedance.
In the equation

821 =
.'i, a2 = 0

the condition a^ = 0 implies that the reference im-
pedance R0i> is set equal to the load impedance Rj,
center figure page 79. If a voltage source 2 E,,i is
connected with a source impedance R()1 = Z0, ai

can be expressed as:

(13)

Since aL. — 0, then

a2 = 0 =

from which

v%I2J

Consequently,

y._v*iO *VZo / Vzo
Finally, the forward transmission coefficient is ex-
pressed as:

8-2, = (14)

Similarly, when port 1 is terminated in R0i = Z<>
and when a voltage source 2 E()2 with source im-
pedance Zu is connected to port 2,

S|2 —
V,

(15)

Both si- and s-i have the dimensions of a voltage-
ratio transfer function. And if Rm = Roa, then s12

and SLM are simple voltage ratios. For a passive
reciprocal network, s^ = stL..

Scattering parameters Sn and s^ are reflection
coefficients. They can be measured directly by
means of slotted lines, directional couplers, voltage-
standing-wave ratios and impedance bridges. Scat-
tering parameters SIL; and SL>I are voltage
transducer gains. All the parameters are frequency-
dependent, dimensionless complex numbers. At
any one frequency all four parameters must be
known to describe the two-port device completely.

There arc several advantages for letting Ru] =
ROL> = Zn.

• The SM and SL.J parameters are power reflection
coefficients that are difficult to measure under
normal loading. However, if R<>i = Roi> — Zo, the
parameters become equal to voltage reflection
coefficients and can be measured directly with
available test equipment.

• The s]L> and s^ are square roots of the trans-
ducer power gain, the ratio of power absorbed
in the load over the source power available. But
for R,,i = ROJ — Zn, they become a voltage ratio
and can be measured with a vector voltmeter.

» The actual measurement can be taken at a dis-
tance from the input or output ports. The meas-
ured scattering parameter is the same as the param-
eter existing at the actual location of the particular
port. Measurement is achieved by connecting input
and output ports to source and load by means of
transmission lines having the same impedance, Z«,

2-3
Electronics Septembers, 1966



25'C

SM

Si2
S2,

S22

25°C

s,,

s,2
s21

S22

100 Mhz
0.62 <
0.0115 <
9.0 <
0.955 <

-44.0°
+75.0°

-6.0°

300 Mhz
0.305 <
0.024 <
3.85 <
0.860 <

-81.0°
+93.0°
+91.0°
-14.0°

590 Mhz
0.238 < -119.0°
0.0385 < +110.0°
2.19 < +66.0°
0.830 < -26.0°

1,000 Mhz
0.207 <+175.0°
0.178 <+110.0°
1.30 < +33.0°
0.838 < -49.5°

100 C 100 Mhz
Si, 0.690 < -40°
Si2 0.0125 < +76.0°
Szi 8.30 < +133.0°
S2Z 0.955 < -6.0°

100 C 500 Mhz
Sn 0.260 < -96.0°
s,a 0.0435 <+100.0°
521 2.36 < +69.5°
522 0.820 < -28.0°

300 Mhz
0.372 <
0.0254<
3.82 <
0.880 <

-71°
+89.5°
+94.0°
-15.0°

1,000 Mhz
0.196 <+175.0°
0.165 <+103.0°
1.36 < +35.0°
0.850 < -53.0°

Scattering parameters can be measured directly using the Hewlett-Packard 8405A vector voltmeter. It covers the
frequency range of 1 to 1,000 megahertz and determines SM and s]a by measuring ratios of voltages and phase
difference between the input and output ports. Operator at Texas Instruments Incorporated measures s-parameter
data for Tl's 2N3571 transistor series. Values for VCB = 10 volts; lc = 5 milliamperes.

as the source and load. In this way compensation
can be made for added cable length.

• Transistors can be placed in reversible fixtures
to measure the reverse parameters sL>2 and 812 with
the equipment used to measure sn and s2i.

The Hewlett-Packard Co.'s 8405A vector volt-
meter measures s parameters. It covers the fre-
quency range of 1 to 1,000 megahertz and deter-
mines 821 and Siu by measuring voltage ratios and
phase differences between the input and output
ports directly on two meters, as shown above. A
dual-directional coupler samples incident and re-
flected voltages to measure the magnitude and
phase of the reflection coefficient.

To perform measurements at a distance, the setup
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on page 86 is convenient. The generator and the
load are the only points accessible for measure-
ment. Any suitable test equipment, such as a vector
voltmeter, directional coupler or slotted line can
be connected. In measuring the s2i parameter as
shown in the schematic, the measured vector quan-
tity V2/E0 is the voltage transducer gain or for-
ward gain scattering parameter of the two-port
and cables of length LI and La. The scattering
parameter s2i of the two-port itself is the same
vector V^/Eo but turned by an angle of 360° (Li -f
L2)/X in a counterclockwise direction.

Plotting Sn in the complex plane shows the
conditions for measuring Sn. Measured vector TI
is the reflection coefficient of the two-port plus



Amplifier design with unilateral s parameters

Step 1

t-5^;^^S^S

Step 2

180

tr
o

-90

-180

CD
O

o
—i
o

1

MAGNITUDE

10 0.5

FREQUENCY (Ghz)

From the measured data transducer power gain is plotted as decibels versus frequency. From the plot an
amplifier of constant gain is designed. Smith chart is used to plot the scattering parameters.
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To design an amplifier stage, a
source and load impedance com-
bination must be found that gives
the gain desired. Synthesis can be
accomplished in three stages.
Step 1

The vector voltmeter measures
the scattering parameters over the
frequency range desired.
Step 2

Transducer power gain is
plotted versus frequency using

equation 19 and the measured data
from step 1. This determines the
frequency response of the uncom-
pensated transistor network so that
a constant-gain amplifier can be
designed.
Step 3

Source and load impedances must
be selected to provide the proper
compensation of a constant power
gain from 100 to 500 Mhz. Such
a constant-gain amplifier is de-

signed according to the following;
•Plot Siie on the Smith chart.

The magnitude of SH* is the linear
distance measured from the center
of the Smith chart. Radius from
the center of the chart to any point
on the locus of Sn represents a
reflection coefficient r. The value of
r can therefore be determined at
any frequency by drawing a line
from the origin of the chart to
a value of Sn* at the frequency of

Step 3
100

> CONSTANT
L GAIN

SOOMhz fCIRCLES

Source impedance is found by inspecting the input plane for realizable source loci that give proper gain. Phase
angle is read on the peripheral scale "angle of reflection coefficient in degrees."
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interest. The value of r is scaled
proportionately with a maximum
value of 1.0 at the periphery of the
chart. The phase angle is read on
the peripheral scale "angle of re-
flection coefficient in degrees."
Constant-gain circles are plotted
using equations 24 and 25 for GI.
These correspond to values of 0,
— 1, —2, —4 and —6 decibels for
sn° at 100 and 500 Mhz. Con-
struction procedure is shown
on page 83.

• Constant-gain circles for 822*
at 100 and 500 Mhz are con-
structed similarly to that below.

• The gain Go drops from 20 db
at 100 Mhz to 6 db at 500 Mhz, a
net reduction of 14 db. It is desir-
able to find source and load imped-
ances that will flatten this slope
over this frequency range. For this
case it is accomplished by choos-
ing a value of ri and r-2 on the
constant-gain circle at 100 Mhz,
each corresponding to a loss of
— 7 db. If this value of r\ and r^
falls on circles of 0-db gain at 500
Mhz, the over-all gain will be:
At 100 Mhz,
GT(db) = Go + G, + G2

= 20 - 7 - 7 = +6 db

At 500 Mhz,
G-r(db) = 6 -4- 0 4- 0 = +6 db

• A source impedance of 20
ohms resistance in series with 16
picofarads of capacitance is chosen.
Its value is equal to 50 (0.4 — j2)
ohms at 100 Mhz. This point
crosses the ri locus at about the
— 7 db constant-gain circle of GI as
illustrated on page 83. At 500
Mhz this impedance combination
equals 50 (0.4 - - jO.4) ohms and
is located at approximately the
+ 0.5 db constant-gain circle. The
selection of source impedance is an
iterative process of inspection of

. ^ CONSTANT
100MhzUjAIN

CIRCLES

Load impedance is found by inspecting the output plane for loci that give proper gain.

2-7
Electronics ] September 5, 1966



the input ri plane on the Smith
chart. The impedance values at
various frequencies between 100
and 500 Mhz are tried until an im-
pedance that corresponds to an
approximate constant—gain circle
necessary for constant power gain
across the band is found.

• At the output port a Gz of
-6 db at 100 Mhz and +0.35 db
at 500 Mhz is obtained by select-
ing a load impedance of 60 ohms
in series with 5 pf and 30 nano-
henries.

• The gain is:
At 100 Mhz,

GT(db) = G0 + G, + G2
= 20 - 7 - 6 = +7 db

At 500 Mhz,
6 + 0.5 + 0.35 = +6.85 db
Thus the 14-db variation from 100
to 500 Mhz is reduced to 0.15 db
by selecting the proper source and
load impedances.

Stability criterion. Important in

the design of amplifiers is stability,
or resistance to oscillation. Stabil-
ity is determined for the unilateral
case from the measured s param-
eters and the synthesized source
and load impedances. Oscillations

are only possible if either the input
or the output port, or both, have
negative resistances. This occurs
if Sn or s22 are greater than unity.
However, even with negative re-
sistances the amplifier might be
stable. The condition for stability
is that the locus of the sum of in-
put plus source impedance, or out-
put plus load impedance, does not
include zero impedance from fre-
quencies zero to infinity [shown in
figure below]. The technique is
similar to Nyquist's feedback sta-
bility criterion and has been de-
rived directly from it.

Amplifier stability is determined from scattering parameters and synthesized source and load impedances.
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input cable L! (the length of the output cable has
no influence). The scattering parameter sn of the
two-port is the same vector TI but turned at an
angle 720° LI/A in a counterclockwise direction.

Using the Smith chart

Many circuit designs require that the impedance
of the port characterized by sn or the reflection
coefficient r be known. Since the s parameters are
in units of reflection coefficient, they can be plotted
directly on a Smith chart and easily manipulated
to establish optimum gain with matching networks.
The relationship between reflection coefficient r
and the impedance R is

r =
R —

(16)

The Smith chart plots rectangular impedance
coordinates in the reflection coefficient plane. When
the Sn or 822 parameter is plotted on a Smith
chart, the real and imaginary part of the impedance
may be read directly.

It is also possible to chart equation 1 on polar

coordinates showing the magnitude and phase of
the impedance R in the complex reflection co-
efficient plane. Such a plot is termed the Charter
chart. Both charts arc limited to impedances hav-
ing positive resistances, \r}\ < 1. When measuring
transistor parameters, impedances with negative
resistances are sometimes found. Then, extended
charts can be used.

Measurement of a device's s parameters pro-
vides data on input and output impedance and
forward and reverse gain. In measuring, a device
is inserted between known impedances, usually 50
ohms. In practice it may be desirable to achieve
higher gain by changing source or load impedances
or both.

An amplifier stage may now be designed in two
steps. First, source and load impedances must be
found that give the desired gain. Then the imped-
ances must be synthesized, usually as matching
networks between a fixed impedance source or
between the load and the device [see block dia-
gram top of p. 87].

2L,

+i

ZIN* ~Z0

"~Z,N+Z0

S parameters can be measured remotely. Top test setup is for measuring s^; bottom, for Su. Measured vector V2/E,.
is the voltage transducer gain of the two-port and cables U and U. The measured vector ri is the reflection coefficient

Annmnri^fa nQft^rc -fi-ir r. a n H c naramotorc ara nlnttoH

IS ine VOIlaUc uaiisuu^ci yam ui uic inu-|jui L anu vavi^^ 1-1 u»w •-

of the two-port plus input cable U + L2. Appropriate vectors for fi and s parameters are plotted.
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INPUT
MATCHING

NETWORK

TRANSISTOR OUTPUT

MATCHING

NETWORK

To design an amplifier stage, source and load impedances are found to give the gain desired. Then impedances are
synthesized, usually as matching networks between a fixed impedance source or the load and the device. When
using s parameters to design a transistor amplifier, it is advantageous to distinguish between a simplified or
unilateral design for times when s,2 can be neglected and when it must be used.

When designing a transistor amplifier with the
aid of s parameters, it is advantageous to dis-
tinguish between a simplified or unilateral design
for instances where the reverse-transmission param-
eter s1L> can be neglected and the more general
case in which s2i must be shown. The unilateral
design is much simpler and is, for many applica-
tions, sufficient.

Unilateral-circuit definitions

Transducer power gain is defined as the ratio
of amplifier output power to available source
power.

GT =

4Rel

(17)

For the unilateral circuit GT is expressed in terms
of the scattering parameters su, s2i and Sia with
s12 = 0.

GT — Gfl.Gi.Ga (18)

where:

Go = 182112 = transducer power gain for
R, = Z0 = R2 (19)

G] = -i

i - N2

1 - r, s,,
(20)

= power gain contribution from change of
source impedance from Z0 to Ri

Ti =
— Zo

Ri -f- Zo
(21)

= reflection coefficient of source impedance
with respect to Z0

G2 =
1 ~

— r2 822
(22)

= power gain contribution from change of
load impedance from Z0 to R2

R2 ~h Zo

= reflection coefficient of load impedance
with respect to Z0
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(23)

In designing an amplifier stage the graphical
procedure shown at the bottom is helpful. The
measured values of parameter Sn and its complex
conjugate sn* are plotted on the Smith chart to-
gether with radius distances. Center of the constant-
gain circles located on the line through Sn* and the
origin at a distance

G! [SnJ 1

" G1B,« |_l-|sn|2(l - G,/G,m«)

The radius of circles on which GI is constant is

(24)

Poi -
- G./d »„ (1 -|B,, 2)

If the source reflection coefficient ri is made equal

R, ±R01+jx1

"22

v°
The two-port network is terminated at the ports by
impedances containing resistance and reactance.
Expressions for the transducer power gain can then be
derived in terms of the scattering parameters.

CIRCLES ON
WHICH G-CONSTANT

A graphical plot helps in design of an amplifier stage.
Here the measured parameters sn and su* are plotted
on a Smith chart. The upper point is Su*.



to Sn*, then the generator is matched to the load
and the gain becomes maximum (Gimax). Constant-
gain circles can be constructed, as shown, in 1- or
2-decibel increments or whatever is practical using
equations 9 and 10.

If the source impedance RI or its reflection coeffi-
cient is plotted, the gain contribution GI is read
directly from the gain circles. The same method is
used to determine G2 by plotting^;., S22*> constant-
gain circles and ry.

Examples for the design procedure are given in
greater detail in Transistor Parameter Measure-
ments, Hewlett-Packard Application Note 77-1. The
procedure is outlined in "Amplifier design with uni-
lateral s parameters," beginning on page 82.

Measuring s parameters

S-parameter measurements of small-signal tran-
sistors require fairly sensitive measuring equip-
ment. The input signal often cannot exceed 10 milli-
volts root mean square. On the other hand, wide
frequency ranges are required as well as fast and
easy operation. Recent advantages in measuring
equipment have provided a fast and accurate meas-
uring system. It is based on the use of a newly de-
veloped instrument, the H-P sampling vector volt-
meter 8405A [see photo p. 81], and couplers.

The vector voltmeter covers a frequency range
of 1 to 1,000 Mhz, a voltage measurement range of
100 microvolts full scale and a phase range of
±180° with 0.1° resolution. It is tuned automat-
ically by means of a phase-locked loop.

Directional couplers are used to measure reflec-
tion coefficients and impedances. A directional cou-
pler consists of a pair of parallel transmission lines
that exhibit a magnetic and electric coupling be-
tween them. One, called the main line, is connected
to the generator and load to be measured. Measure-
ment is taken at the output of the other, called the
auxiliary line. Both lines are built to have a well
defined characteristic impedance; 50 ohms is usual.
The voltage coupled into the auxiliary line consists
of components proportional to the voltage and cur-
rent in the main line. The coupling is arranged so
that both components are equal in magnitude when
the load impedance equals the characteristic im-
pedance of the line.

Directional couplers using two auxiliary lines in
reverse orientation are called dual-directional cou-
plers. A feature of the unit is a movable reference
plane; the point where the physical measurement
is taken can be moved along the line connecting the
coupler with the unknown load. A line stretcher is
connected to the output of the first auxiliary line.

The referencf plane is set closer to the transistor
package than the minimum lead length used with
the transistor. Additional lead length is then con-
sidered part of the matching networks. The influ-
ence of lead length is also measured by changing
the location of the reference plane.

Measurement of sn parameter is made when the
instrument is switched to one of two positions. The
quotient VB/VA equals the magnitude of Sn. Its

phase is read directly on the 8405A meter. When
switched to the alternate position, the s2i parameter
is read directly from the same ratio.

Accuracy and limitations

When measuring small-signal scattering param-
eters, a-c levels beyond which the device is con-
sidered linear must not be exceeded. In a grounded-
emitter or grounded-base configuration, input volt-
age is limited to about 10 millivolts rms maximum
(when measuring sn and s2i). Much higher voltages
can be applied when measuring 822 and s)2 param-
eters. In uncertain cases linearity is checked by
taking the same measurements at a sampling of
several different levels.

The system shown is inherently broadband. Fre-
quency is not necessarily limited by the published
range of the dual directional couplers. The coupling
factor K falls off inversely with frequency below
the low-frequency limit of a coupler. The factor K
does not appear in the result as long as it is the
same for each auxiliary port. Since construction of
couplers guarantees this to a high degree, measure-
ments can be made at lower frequencies than are
specified for the coupler.

The system's measurement accuracy depends on
the accuracy of the vector voltmeter and the cou-
plers. Although it is possible to short circuit the
reference planes of the transistors at each fre-
quency, it is not desirable for fast measurements.
Hence, broadband tracking of all auxiliary arms of
the couplers and tracking of both channels of the
vector voltmeter are important. Tracking errors are
within about 0.5 db of magnitude and ±3° of phase
over wide frequency bands. Accuracy of measuring
impedances expressed by slt and SL.-J degrade for
resistances and impedances having a high reactive
component. This is because sn or sya are very close
to unity. These cases are usually confined to lower
frequencies.
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SECTION III

S-PARAMETER TECHNIQUES FOR FASTER, MORE
ACCURATE NETWORK DESIGN

Richard W. Anderson describes s parameters and
flowgraphs and then relates them to more familiar
concepts such as transducer power gain and voltage
gain. He takes swept-frequency data obtained with a
network analyzer and uses it to design amplifiers. He
shows how to calculate the error caused by assuming
the transistor is unilateral. Both narrowband and
broad band amplifier designs are discussed. Stability
criteria are also considered.
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S-Parameter Techniques for Faster,
More Accurate Network Design

LINEAR NETWORKS, OR NONLINEAR NETWORKS Operating
with signals sufficiently small to cause the networks to

respond in a linear manner, can be completely characterized
by parameters measured at the network terminals (ports)
without regard to the contents of the networks. Once the
parameters of a network have been determined, its behavior
in any external environment can be predicted, again without
regard to the specific contents of the network. The new
microwave network analyzer described in the article be-
ginning on p. 2 characterizes networks by measuring one
kind of parameters, the scattering parameters, or s-param-
eters.

S-parameters are being used more and more in microwave
design because they are easier to measure and work with at
high frequencies than other kinds of parameters. They are
conceptually simple, analytically convenient, and capable
of providing a surprising degree of insight into a measure-
ment or design problem. For these reasons, manufacturers
of high-frequency transistors and other solid-state devices are
finding it more meaningful to specify their products in terms
of s-parameters than in any other way. How s-parameters
can simplify microwave design problems, and how a designer
can best take advantage of their abilities, are described in
this article.

Two-Port Network Theory
Although a network may have any number of ports, net-

work parameters can be explained most easily by consider-
ing a network with only two ports, an input port and an
output port, like the network shown in Fig. 1. To characterize
the performance of such a network, any of several parameter
sets can be used, each of which has certain advantages.

Each parameter set is related to a set of four variables
associated with the two-port model. Two of these variables
represent the excitation of the network (independent vari-
ables), and the remaining two represent the response of the
network to the excitation (dependent variables). If the net-
work of Fig. 1 is excited by voltage sources Vj and V2, the

network currents I[ and I, will be related by the following
equations (assuming the network behaves linearly);

+ YaV,

+ y22v2

(1)
(2)

In this case, with port voltages selected as independent
variables and port currents taken as dependent variables, the
relating parameters are called short-circuit admittance
parameters, or y-parameters. In the absence of additional
information, four measurements are required to determine
the four parameters yn, y2l, y,,, and y2,. Each measurement
is made with one port of the network excited by a voltage
source while the other port is short circuited. For example,
y,,, the forward transadmittance, is the ratio of the current
at port 2 to the voltage at port 1 with port 2 short circuited
as shown in equation 3.

>'•_•] =
I,

(3)
VL. = 0 (output short circuited)

If other independent and dependent variables had been
chosen, the network would have been described, as before,
by two linear equations similar to equations 1 and 2, except
that the variables and the parameters describing their rela-
tionships would be different. However, all parameter sets
contain the same information about a network, and it is
always possible to calculate any set in terms of any other set.

Port 2

Fig. 1. General two-port network.
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S-Parameters
The ease with which scattering parameters can be meas-

ured makes them especially well suited for describing tran-
sistors and other active devices. Measuring most other
parameters calls for the input and output of the device to be
successively opened and short circuited. This is difficult to
do even at RF frequencies where lead inductance and capaci-
tance make short and open circuits difficult to obtain. At
higher frequencies these measurements typically require
tuning stubs, separately adjusted at each measurement fre-
quency, to reflect short or open circuit conditions to the
device terminals. Not only is this inconvenient and tedious,
but a tuning stub shunting the input or output may cause a
transistor to oscillate, making the measurement difficult and
invalid. S-parameters, on the other hand, are usually meas-
ured with the device imbedded between a 5012 load and
source, and there is very little chance for oscillations to
occur.

Another important advantage of s-parameters stems from
the fact that traveling waves, unlike terminal voltages and
currents, do not vary in magnitude at points along a lossless
transmission line. This means that scattering parameters can
be measured on a device located at some distance from the
measurement transducers, provided that the measuring de-
vice and the transducers are connected by low-loss trans-
mission lines.

Generalized scattering parameters have been defined by
K. Kurokawa.1 These parameters describe the interrelation-
ships of a new set of variables (ai( bj). The variables aj and
bj are normalized complex voltage waves incident on and
reflected from the i1'1 port of the network. They are defined
in terms of the terminal voltage V,, the terminal current l{,
and an arbitrary reference impedance Zj, as follows

| K. Kurokawa, 'Power Waves ant! the Scattering Matrix,' IEEE Transactions on Micro-
wave Theory and Techniques, Vol. MTT-13, No. 2, March, 1965.

(4)

(5)

where the asterisk denotes the complex conjugate.

For most measurements and calculations it is convenient
to assume that the reference impedance Zj is positive and
real. For the remainder of this article, then, all variables and
parameters will be referenced to a single positive real imped-
ance Z0.

The wave functions used to define s-parameters for a two-
port network are shown in Fig. 2. The independent variables
a{ and a-, are normalized incident voltages, as follows:

V\ 4- I,Zn voltage wave incident on port 1
a. — —

- Vu

V., + I.,Z,, _ voltage wave incident on port 2
a., — —

V,,

Dependent variables b, and b. are normalized reflected
voltages:

voltage wave reflected (or
V, — I,Z(, emanating) from port 1 Vr:"~~ =

voltage wave reflected (or
V., — I.,Z(1 emanating) from port 2 Vr3— == — — — — -= — — —

The linear equations describing the two-port network are
then:

bj = SnEj 4- s12a;;

b., — S21a1 + s22a2

The s-parameters sn, s22, s.,,, and s^ are:

— Input reflection coefficient with

(10)

(ID

a., = 0 the output port terminated by a (12)
matched load (Zr = Z(, sets
a, - 0).

Fig. 2. Two-port network showing incident (a,, a2) and
reflected (bi, b-) waves used in s-parameier definitions.

= Output reflection coefficient
a, — 0 with the input terminated by a (13)

matched load (Zs = Z0 and
Vs = 0).
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— Forward transmission (insertion)
a- = 0 gain with the output port (14)

terminated in a matched load.

= Reverse transmission (insertion)
= 0 gain with the input port

terminated in a matched load.
(15)

Notice that

and

_^_
a,

V' -Z
1.

Z1P

Zt - Z0

/ -\- /£-.\ T £,tl

(16)

(17)

bs =
Zs + Zo

,

Zs-Zo
Zs + Zo

1

'

V

S21

Si I S22

where 2.^ = —~— is the input impedance at port 1.
M Fig. 3. Flow graph of network of Fig. 2,

This relationship between reflection coefficient and imped-
ance is the basis of the Smith Chart transmission-line calcu-
lator. Consequently, the reflection coefficients s^ and s,.
can be plotted on Smith charts, converted directly to imped-
ance, and easily manipulated to determine matching net-
works for optimizing a circuit design.

The above equations show one of the important advan-
tages of s-parameters, namely that they are simply gains and
reflection coefficients, both familiar quantities to engineers.
By comparison, some of the y-parameters described earlier
in this article are not so familiar. For example, the y-param-
eter corresponding to insertion gain s,, is the 'forward trans-
admittance' y,,, given by equation 3. Clearly, insertion gain
gives by far the greater insight into the operation of the
network.

Another advantage of s-parameters springs from the sim-
ple relationships between the variables a,, a,, b,, and b2, and
various power waves:

Hence s-parameters are simply related to power gain and
mismatch loss, quantities which are often of more interest
than the corresponding voltage functions:

., _ Power reflected from the network input
Power incident on the network input

., _ Power reflected from the network output
Power incident on the network output

Power delivered to a Z,, load

Power available from Z() source

Transducer power gain with Z,, load and source

Power incident on the input of the network.
: Power available from a source of impedance Z,,

Power incident on the output of the network.
Power reflected from the load.

Power reflected from the input port of the network.
Power available from a Z,, source minus the power
delivered to the input of the network.

|bL,|- = Power reflected or emanating from the output of the
network.

= Power incident on the load.
= Power that would he delivered to a Z,, load.

- = Reverse transducer power gain with Z(, load and
source.

Network Calculations with Scattering Parameters

Scattering parameters turn out to be particularly conven-
ient in many network calculations. This is especially true for
power and power gain calculations. The transfer parameters
Sn. and s.., are a measure of the complex insertion gain, and
the driving point parameters sn and s2:! are a measure of the
input and output mismatch loss. As dimensionless expres-
sions of gain and reflection, the parameters not only give a
clear and meaningful physical interpretation of the network
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performance but also form a natural set of parameters for
use with signal flow graphs---1. Of course, it is not necessary
to use signal flow graphs in order to use s-parameters, but
flow graphs make s-parameter calculations extremely simple,
and I recommend them very strongly. Flow graphs will be
used in the examples that follow.

In a signal flow graph each port is represented by two
nodes. Node an represents the wave coming into the device
from another device at port n and node b,, represents the
wave leaving the device at port n. The complex scattering
coefficients are then represented as multipliers on branches
connecting the nodes within the network and in adjacent
networks. Fig. 3 is the flow graph representation of the
system of Fig. 2.

Fig. 3 shows that if the load reflection coefficient rr, is
zero (ZL = Zn) there is only one path connecting b1 to a,
(flow graph rules prohibit signal flow against the forward
direction of a branch arrow). This confirms the definition
of s,,:

aL, = rLb, = 0

The simplification of network analysis by flow graphs re-
sults from the application of the "non-touching loop rule!'
This rule applies a generalized formula to determine the
transfer function between any two nodes within a complex
system. The non-touching loop rule is explained in foot-
note 4.

JJ. K. Hunton, 'Analysis of Microwave Measurement Techniques by Means of Signal
Flow Graphs,1 IRE Transactions on Microwave Theory and Techniques, Vol. MTT-8,
No. 2, March, 1960.
3 N. Kuhn, 'Simplified Signal Flow Graph Analysis,' Microwave Journal, Vol. 6, No 11,
Nov., 1963.

Using scattering parameter flow-graphs and the non-touch-
ing loop rule, it is easy to calculate the transducer power
gain with arbitrary load and source. In the following equa-
tions the load and source are described by their reflection
coefficients FL and rs, respectively, referenced to the real
characteristic impedance Z0.

Transducer power gain

Power delivered to the load
Power available from the source Pav8

PL = P(incident on load) — P(reflected from load)

= ib3|
2(l- rj")

"«VS

GT —

|b.a

h.
(I =00 - rLs)

Using the non-touching loop rule,

szl

— Su rs — s.J2 r,, - s,, sr_, rL rs 4- sn rs s,2 r,,

S,n

) (1 s->2 FL) S2isi2 "L "s

(l - I'V^Mi - |iV)
- sn rs) (1 - s2, r,,) ~ s21s12 rL rs"

(18)

Two other parameters of interest are:

1) Input reflection coefficient with the output termination
arbitrary and Zs = Z0.

The nontouching loop rule provides a simple method for writing the solution
of any flow graph by inspection. The solution T (the ratio of the output variable
to the input variable) is

?T*A|
k

i — « rSl>2 1L

where Tk = path gain of the k1* forward path

A = 1 — (sum of all individual loop gains) + (sum of the loop gain
products of all possible combinations of two nontouching loops)
— (sum of the loop gain products of all possible combinations
of three nontouching loops) + . . . .

A^ = The value of A not touching the hth forward path.

A path is a continuous succession of branches, and a forward path is a path
connecting the input node to the output node, where no node is encountered
more than once. Path gain is the product of all the branch multipliers along the
path. A loop is a path which originates and terminates on the same node, no
node being encountered more than once. Loop gain is the product of the branch
multipliers around the loop.

For example, in Fig. 3 there is only one forward path from bs to b, and its
gain is s,,. There are two paths from bs to b,; their path gains are s^s,,lY and
sn respectively. There are three individual loops, only one combination of two
nontouching loops, and no combinations of three or more nontouching loops;
therefore, the value of A for this network is

A = i - <SH rs + s3l s,31\ rs + sn rL) + (s,.

The transfer function from bs to b3 is therefore

b, s,,

sn \\ rs).

3-4

- sn ^ (19)

2) Voltage gain with arbitrary source and load impedances

V"Av = -
V,

. ba(l

Vrl

V, = (a., H- b,) v% = Vf, + Vr,

s31(l
-s2ar,J(l +s'n)

(20)

On p. 23 is a table of formulas for calculating many
often-used network functions (power gains, driving point
characteristics, etc.) in terms of scattering parameters. Also
included in the table are conversion formulas between
s-parameters and h-, y-, and z-parameters, which are other
parameter sets used very often for specifying transistors at



1700 MHz

Fig. 4. S parameters of 2N3478 transistor

in common-emitter configuration, meas-
ured by -hp- Model 8410A Network
Analyzer, (a) SM. Outermost circle on
Smith Chart overlay corresponds to ]su| =
1. (b) s;!. Scale /actor same as (a), (c) Su.
(d) S2t. (e) s-i with line stretcher adjusted to
remove linear phase shift above 500 MHz.

100 MHz

100 MHz 1700 MHz

(b)

Si2
10dB/cm

-30 dB

-110°

50°/cm
1700
MHz

OdB

+ 20°

OdB

+ 9CT

(C) (d) (e)

lower frequencies. Two important figures of merit used for
comparing transistors, ft and fmax, are also given, and their
relationship to s-parameters is indicated.

Amplifier Design Using Scattering Parameters
The remainder of this article will show by several examples

how s-parameters are used in the design of transistor ampli-
fiers and oscillators. To keep the discussion from becoming
bogged down in extraneous details, the emphasis in these
examples will be on s-parameter design methods, and mathe-
matical manipulations will be omitted wherever possible.

Measurement of S-Parameters
Most design problems will begin with a tentative selection

of a device and the measurement of its s-parameters. Fig. 4
is a set of oscillograms containing complete s-parameter data
for a 2N3478 transistor in the common-emitter configura-
tion. These oscillograms are the results of swept-frequency
measurements made with the new microwave network ana-
lyzer described elsewhere in this issue. They represent the
actual s-parameters of this transistor between 100 MHz and
1700 MHz.

In Fig. 5, the magnitude of s.., from Fig. 4(d) is replotted
on a logarithmic frequency scale, along with additional data
on s21 below 100 MHz, measured with a vector voltmeter.
The magnitude of s.,, is essentially constant to 125 MHz,
and then rolls off at a slope of 6 dB/octave. The phase angle

of s21> as seen in Fig. 4(d), varies linearly with frequency
above about 500 MHz. By adjusting a calibrated line
stretcher in the network analyzer, a compensating linear
phase shift was introduced, and the phase curve of Fig. 4(e)
resulted. To go from the phase curve of Fig. 4(d) to that of
Fig. 4(e) required 3.35 cm of line, equivalent to a pure time
delay of 112 picoseconds.

After removal of the constant-delay, or linear-phase, com-
ponent, the phase angle of s^ for this transistor [Fig. 4(e)]
varies from 180'at dc to+ 90° at high frequencies, passing
through-1-135° at 125 MHz, the -3 dB point of the magni-
tude curve. In other words, s^ behaves like a single pole in
the frequency domain, and it is possible to write a closed
expression for it. This expression is

1 + j« (21)

where T0= 112 ps

"0 - 2- X 125MHz

s,10 = 11.2 = 21 dB

The time delay T,, — 112 ps is due primarily to the transit
time of minority carriers (electrons) across the base of this
npn transistor.
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Fig. 5. Top curve: |s2, from Fig. 4 replotted on logarithmic
frequency scale. Data below 100 MHz measured with
-hp~ 8405A Vector Vollmeter. Bottom curve: unilateral
figure of merit, calculated from s parameters (see text).

Narrow-Band Amplifier Design
Suppose now that this 2N3478 transistor is to be used in

a simple amplifier, operating between a 5Qi2 source and a
50li load, and optimized for power gain at 300 MHz by
means of lossless input and output matching networks. Since
reverse gain s,., for this transistor is quite small — 50 dB
smaller than forward gain SL.,, according to Fig. 4 — there is
a possibility that it can be neglected. If this is so, the design
problem will be much simpler, because setting s]2 equal to
zero will make the design equations much less complicated.

In determining how much error will be introduced by
assuming s,., = 0, the first step is to calculate the unilateral
figure of merit u, using the formula given in the table on
p. 23, i.e.

u = 2)d - s32
2)|

(22)

A plot of u as a function of frequency, calculated from the
measured parameters, appears in Fig. 5. Now if GTll is the
transducer power gain with s,, = 0 and GT is the actual
transducer power gain, the maximum error introduced by
using GTu instead of GT is given by the following relation-
ship:

(1 (1 -u)2 (23)

From Fig. 5, the maximum value of u is about 0.03, so the
maximum error in this case turns out to be about ±0.25 dB
at 100 MHz. This is small enough to justify the assumption
that s12 = 0.

Incidentally, a small reverse gain, or feedback factor, s,-,
is an important and desirable property for a transistor to
have, for reasons other than that it simplifies amplifier de-

sign. A small feedback factor means that the input character-
istics of the completed amplifier will be independent of the
load, and the output will be independent of the source im-
pedance. In most amplifiers, isolation of source and load is
an important consideration.

Returning now to the amplifier design, the unilateral ex-
pression for transducer power gain, obtained either by set-
ting s,2 = 0 in equation 18 or by looking in the table on
p. 23, is

(24)2d

1 -s,

When SM and s22 are both less than one, as they are in this
case, maximum GTll occurs for rs = s*M and r, = $*,,.,

(table, p. 23).
The next step in the design is to synthesize matching net-

works which will transform the 501! load and source imped-
ances to the impedances corresponding to reflection coeffi-
cients of s*n and s*22, respectively. Since this is to be a
single-frequency amplifier, the matching networks need not
be complicated. Simple series-capacitor, shunt-inductor net-
works will not only do the job, but will also provide a handy
means of biasing the transistor — via the inductor — and of
isolating the dc bias from the load and source.

Values of L and C to be used in the matching networks
are determined using the Smith Chart of Fig. 6. First, points
corresponding to sn, s*n, s-J2, and s*.j:, at 300 MHz are
plotted. Each point represents the tip of a vector leading
away from the center of the chart, its length equal to the
magnitude of the reflection coefficient being plotted, and its
angle equal to the phase of the coefficient. Next, a combi-
nation of constant-resistance and constant-conductance cir-
cles is found, leading from the center of the chart, repre-
senting 50H, to s*n and s*22. The circles on the Smith Chart
are constant-resistance circles; increasing series capacitive
reactance moves an impedance point counter-clockwise
along these circles. In this case, the circle to be used for
finding series C is the one passing through the center of the
chart, as shown by the solid line in Fig. 6.

Increasing shunt inductive susceptance moves impedance
points clockwise along constant-conductance circles. These
circles are like the constant-resistance circles, but they are
on another Smith Chart, this one being just the reverse of
the one in Fig. 6. The constant-conductance circles for shunt
L all pass through the leftmost point of the chart rather than
the rightmost point. The circles to be used are those passing
through s*n and s*22, as shown by the dashed lines in Fig. 6.

Once these circles have been located, the normalized
values of L and C needed for the matching networks are
calculated from readings taken from the reactance and sus-
ceptance scales of the Smith Charts. Each element's reac-
tance or susceptance is the difference between the scale read-
ings at the two end points of a circular arc. Which arc cor-
responds to which element is indicated in Fig. 6. The final
network and the element values, normalized and unnormal-
ized, are shown in Fig. 7.
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Broadband Amplifier Design
Designing a broadband amplifier, that is, one which has

nearly constant gain over a prescribed frequency range, is a
matter of surrounding a transistor with external elements in
order to compensate for the variation of forward gain s^
with frequency. This can be done in either of two ways —
first, negative feedback, or second, selective mismatching of
the input and output circuitry. We will use the second
method. When feedback is used, it is usually convenient to
convert to y- or z-parameters (for shunt or series feedback
respectively) using the conversion equations given in the
table, p. 24, and a digital computer.

Equation 24 for the unilateral transducer power gain
can be factored into three parts:

where G«, = s,, -

1 -G, =
s,,i\

G,:

When a broadband amplifier is designed by selective mis-
matching, the gain contributions of G! and G^ are varied to
compensate for the variations of G(1 = |s21 - with frequency.

Suppose that the 2N3478 transistor whose s-paramctcrs
are given in Fig. 4 is to be used in a broadband amplifier
which has a constant gain of 10 dB over a frequency range
of 300 MHz to 700 MHz. The amplifier is to be driven from
a 50i2 source and is to drive a 50n load. According to Fig. 5,

s21
 2 = 13 dB at 300 MHz

= 10dBat450MHz

_ 6 dB at 700 MHz.

To realize an amplifier with a constant gain of 10 dB, source
and load matching networks must be found which will de-
crease the gain by 3 dB at 300 MHz, leave the gain the same
at 450 MHz, and increase the gain by 4 dB at 700 MHz.

Although in the general case both a source matching net-
work and a load matching network would be designed,
G,1Illl3t (i.e., G, for rs = s*n) for this transistor is less than
1 dB over the frequencies of interest, which means there is
little to be gained by matching the source. Consequently, for
this example, only a load-matching network will be designed.
Procedures for designing source-matching networks are
identical to those used for designing load-matching networks.

The first step in the design is to plot s*.,., over the required
frequency range on the Smith Chart, Fig. 8. Next, a set of
constant-gain circles is drawn. Each circle is drawn for a
single frequency; its center is on a line between the center
of the Smith Chart and the point representing s*L... at that
frequency. The distance from the center of the Smith Chart
to the center of the constant gain circle is given by (these
equations also appear in the table, p. 23):

1 - s. - g,)

where

-=G2(1 -

Fig. 6. Smith Chart for 300-MHz amplifier design example.
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The radius of the constant-gain circle is

/K1C • 1 I
A ,7 v L.
£SOQ £L] V^

S>

J2N3478
/

C2

L2 :
501.'

50
0.32

156
2^ (0.3 x 109)

1

= 83nH

2- (0.3 x 109) (3.5) (50)
-3pF

Li =
50

1.01
rtH = 26 nH

Fig. 7. 300-MHz amplifier with matching networks
for maximum power gain.

-g2)

For this example, three circles will be drawn, one for
G, = - 3 dB at 300 MHz, one for G, = 0 dB at 450 MHz,
and one for G.. = +4 dB at 700 MHz. Since for this
transistor is constant at 0.85 over the frequency range [see
Fig. 4(b)], G, max for all three circles is (0.278)-', or 5.6 dB.
The three constant-gain circles are indicated in Fig. 8.

The required matching network must transform the cen-
ter of the Smith Chart, representing 5012, to some point on
the — 3 dB circle at 300 MHz, to some point on the 0 dB
circle at 450 MHz, and to some point on the +4 dB circle
at 700 MHz. There are undoubtedly many networks that
will do this. One which is satisfactory is a combination of
two inductors, one in shunt and one in series, as shown in
Fig. 9.

Shunt and series elements move impedance points on the
Smith Chart along constant-conductance and constant-
resistance circles, as I explained in the narrow-band design
example which preceded this broadband example. The shunt
inductance transforms the 50S2 load along a circle of con-
stant conductance and varying (with frequency) inductive
susceptance. The series inductor transforms the combination
of the 50S2 load and the shunt inductance along circles of
constant resistance and varying inductive reactance.

Constant resistance
circles - Transformation
due to L

y. /^
V>- €-/
A'<P//G2= +

Constant
conductance

circle - Transformation
due to L shunt

Fig. 8. Smith Chart for broadband amplifier design example.
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Optimizing the values of shunt and series L is a cut-and-
try process to adjust these elements so that

— the transformed load reflection terminates on the right
gain circle at each frequency, and

— the susceptance component decreases with frequency
and the reactance component increases with frequency.
(This rule applies to inductors; capacitors would behave
in the opposite way.)

Once appropriate constant-conductance and constant-resist-
ance circles have been found, the reactances and suscep-
tances of the elements can be read directly from the Smith
Chart. Then the element values are calculated, the same as
they were for the narrow-band design.

Fig. 10 is a schematic diagram of the completed broad-
band amplifier, with unnormalized element values.

Stability Considerations and the Design of Reflection
Amplifiers and Oscillators

When the real part of the input impedance of a network
is negative, the corresponding input reflection coefficient
(equation 17) is greater than one, and the network can be
used as the basis for two important types of circuits, reflec-
tion amplifiers and oscillators. A reflection amplifier (Fig.
1 1) can be realized with a circulator— a nonreciprocal three-
port device — and a negative-resistance device. The circula-
tor is used to separate the incident (input) wave from the
larger wave reflected by the negative-resistance device. Theo-
retically, if the circulator is perfect and has a positive real
characteristic impedance Z,,, an amplifier with infinite gain
can be built by selecting a negative-resistance device whose
input impedance has a real part equal to — Z0 and an imagi-
nary part equal to zero (the imaginary part can be set equal
to zero by tuning, if necessary).

Amplifiers, of course, are not supposed to oscillate,
whether they are reflection amplifiers or some other kind.
There is a convenient criterion based upon scattering param-
eters for determining whether a device is stable or potentially
unstable with given source and load impedances. Referring
again to the flow graph of Fig. 3, the ratio of the reflected
voltage wave b[ to the input voltage wave bs is

Fig. 9. Combination of shunt and series inductances is

suitable matching network for broadband amplifier.

Inductance calculations:

I" L«,,«
From 700 MHz data. - - - = j{3.64 -0.44) = j3.2

(3.2) (50)
= 2? (0.7)

From 300 MHz data,

50

(1.3) (2-) (0.3)

Fig. 10. Broadband amplifier with constant

of 10 dB from 300 MHz to 700 MHz.

Two port with
s'n 'I

(Real part of input
impedance is

negative)

Fig. 11. Reflection amplifier

consists of circulator and
transistor with negative input

resistance.

-

bs " l -r8s'n
where s'n is the input reflection coefficient with rs = 0
(that is, Zs = Z0) and an arbitrary load impedance ZL, as
denned in equation 1 9.

If at some frequency

rss'n = 1 (25)

the circuit is unstable and will oscillate at that frequency. On
the other hand, if

J_

, rs

the device is unconditionally stable and will not oscillate,
whatever the phase angle of l's might be.

Fig. 12. Transistor oscillator is designed by choosing
tank circuit such that rTs'M = 1.
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Fig. 13. Smith Chart for transistor oscillator design example.

As an example of how these principles of stability are ap-
plied in design problems, consider the transistor oscillator
design illustrated in Fig. 12. In this case the input reflection
coefficient s'H is the reflection coefficient looking into the
collector circuit, and the 'source' reflection coefficient rs

is one of the two tank-circuit reflection coefficients, rTl or
rT,. From equation 19,

S'n = Sn 4 T-tc' r
*•>? A L

To make the transistor oscillate, s'n and rK must be adjusted
so that they satisfy equation 25. There are four steps in the
design procedure:

—Measure the four scattering parameters of the transistor
as functions of frequency.

—Choose a load reflection coefficient rL which makes s'j,
greater than unity. In general, it may also take an
external feedback element which increases s1L. s.2l to
make s'n greater than one.

—Plot l/s'u on a Smith Chart. (If the new network
analyzer is being used to measure the s-parameters of
the transistor, l/s'M can be measured directly by re-
versing ihe reference and test channel connections be-
tween the reflection test unit and the harmonic fre-
quency converter. The polar display with a Smith Chart
overlay will then give the desired plot immediately.)

—Connect either the series or the parallel tank circuit
to the collector circuit and tune it so that rT1 or rT:! is
large enough to satisfy equation 25 (the tank circuit
reflection coefficient plays the role of rs in this equa-
tion).

3-10

Fig. 13 shows a Smith Chart plot of l/s'u for a high-
frequency transistor in the common-base configuration.
Load impedance ZL is 200ft, which means that rL referred
to 50ft is 0.6. Reflection coefficients rTl and rT, are also
plotted as functions of the resonant frequencies of the two
tank circuits. Oscillations occur when the locus of TTI or
rT:, passes through the shaded region. Thus this transistor
would oscillate from 1.5 to 2.5 GHz with a series tuned
circuit and from 2.0 to 2.7 GHz with a parallel tuned circuit.

—Richard W. Anderson

Additional Reading on S-Parameters

Besides the papers referenced in the footnotes of the
article, the following articles and books contain information
on s-parameter design procedures and flow graphs.
—F. Weinert, 'Scattering Parameters Speed Design of High-

Frequency Transistor Circuits; Electronics, Vol. 39, No.
18, Sept. 5, 1966.

—G. Fredricks, 'How to Use S-Parameters for Transistor
Circuit Design; EEE, Vol. 14, No. 12, Dec., 1966.

—D. C. Youla, 'On Scattering Matrices Normalized to Com-
plex Port Numbers; Proc. IRE, Vol. 49, No. 7, July, 1961.

—J. G. Linvill and J. E Gibbons, 'Transistors and Active
Circuits; McGraw-Hill, 1961. (No s-parameters, but good
treatment of Smith Chart design methods.)
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Constant Gain Circles (Unilateral case: s,, = 0)

—center of constant gain circle is on line between center
of Smith Chart and point representing s*n

—distance of center of circle from center of Smith Chart:

-__ Si
1 - su|

2(l -gi)

—radius of circle:

Pi =-

where: i — 1, 2

and gs = -

l - -g,)
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u =
1(1 - - |s22>)f

Error Limits on Unilateral Gain Calculation

(1 + u-) - GTU " (1 - u2)
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Conditions for Absolute Stability

No passive source or load will cause network to oscillate if
a, b, and c are all satisfied.

a. |sn| < 1, s22 < 1

b. """""""

c.

S2I

'SM

S12S2i

»22 I)

> 1

>1

Condition that a two-port network can be simultaneously

matched with a positive real source and load:

K > 1 or C < 1

C = Linvill C factor

Linvill C Factor

i/"-i
- IV

K = -!-^

Source and Load for Simultaneous Match

5r -4|M|2

rml =N" B3± B2
2 - 4 |N |2

2 - |DI2

D -

Where B, = 1 + s^ 2 - s2

B2 = 1 4- 8222 ~~ si

Maximum Available Power Gain

IfK> 1,

C = Linvill C Factor

(Use minus sign when El is positive, plus sign when Bj is
negative. For definition of Bj see 'Source and Load for
Simultaneous Match; elsewhere in this table.)

— S11S22 S12S21

M = sn — Ds*2,

N = s.,2 - Ds*n

s-parameters in terms of
h-, y-, and z-parameters

(Zn-lMZa+D-Z.A,

2z
-" <zn+l)(zI2+l)-z12Zi,

-=' Cfe+lXfe+D-ZAi

(z,, + 1) (Zj, + 1) - Z.A.

(i - y,i)(i +y22)+yi!y2t
(i -r yn) (i i y2i) y^yii

"" (1 + yn) (1 + yw) - y,^,

, _ (hn-l)(h2,+ l)-hish21

s 2h,,

, _ -2h2,
(bn + lXhi+l) boh

(h,i -f- 1) (h^2 +1) — hj-Jijj

h-, y-, and z-parameters in
terms of s-parameters

_ (l+^d-O+W,
" (1 - 5,0 (1 - S2J) - S13S21

(I — Sn) (1 — S22) — S1:S2I

2sM

,__(!+ s:!) (1 - s,0 + srjs21
23 (^1 c^/1 <=^ ccV1 sllV V1 *2V S1«2I

_ (1 +S;2)(1 -Sj + SjjSj,

11 fl + s ) fl 4- s ) — s ,s.

(1 + sj (1 + s22) - s12s,,

*^ (l-L^WJ-Lg ) gj;

». _ (1 + s,,)(l -J-s^-s.sS;,

"'= n _ c ui -i-s ^-i-s sV sll/ \l T 3;^; -p aj2a2,

h —

n s....) (1 s ) s s
(1-S,,)(1+SJ + S,A,

The h-, y-F and z-parameters listed above are all
normalized to Z0. If h', y', and z' are the actual

parameters, then

V = ,,Z,,

Z,/ = Z,gZ0

1' = ^

y"'~ z"

y,/ = -&1-

y"' = "zT

h,/ = hnZ0

h,.' = h]=

h=I' = hsi

Transistor Frequency Parameters

ft = frequency at which |hfl,|

= |h21 for common-emitter configuration] = 1

W = frequency at which GA Inax = 1
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SECTION IV

COMBINE S PARAMETERS WITH TIME SHARING

This article describes how s parameters were used in
conjunction with a small time-sharing computer for
the design of thin-film amplifier circuits. LesBesser
describes in clear detail how he approached the prob-
lem from both a circuit and a programming standpoint.
He took advantage of the fact that one set of parameters
can be used to calculate another set. The numerous
transitions between s, y, z, and x parameters were
readily done on the small computer. Finally he shows
how his theoretical design utilizing s-parameter data
agrees extremely well with the actual amplifier per-
formance.
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Electronic Design 16

Combine s parameters with time sharing
and bring thin-film, high-frequency amplifier design
closer to a science than an art.

High-frequency amplifier design traditionally
has followed the route of an art rather than a
science. The engineer would carry out approxi-
mate calculations and then make his amplifier
circuit work by means of a tricky layout, shield-
ing, grounding and so on.

The concept of the s parameters (see box)
and the advent of computer time-sharing to-
gether are signaling an end to these trial and
error techniques. And high time, too. Such tech-
niques could not have helped approach, for ex-
ample, the theoretical maximum performance of
a transistor—a feat that required, in addition to
time sharing and use of the s parameters, two
other advances as well: thin-film hybrid circuits
and lossless wideband matching networks. And
even more specifically, s parameters and thin-film
circuits have also been behind the designs of sev-
eral wideband amplifiers for frequencies of from
10 kHz to 2 GHz, with 20 to 30 dB of gain.
Each amplifier covers at least 4 to 5 octaves. In most
cases, the first breadboard measurements were
so close to the design values that only minor
adjustments had to be made before turning the
prototypes for production.

Why s parameters and thin-film circuits?

The conventional parameters—it, z and h—are
hard to measure at frequencies above 100 MHz.
This is because all of them require that open
and short circuits be established and call for
laborious and tedious measurements.

Then, commonly-used models of transistors do
not truly represent the actual devices. Thus,
when the inaccurate \j, z, or h parameters are
used in an inaccurate transistor model it is only
natural to get inaccurate results.

S parameters, on the other hand, even in the
GHz region, are measured easily and accurately
by direct readout. Swept measurements of the
s parameters can be made today with existing
instruments (see photo) and the results easily
observed on polar displays such as the familiar

Les Besser, Project Supervisor, Hewlett-Packard Co., Palo
Alto, Calif.

Smith chart or any other suitable graph.
Mathematically, s parameters lend themselves

nicely to matrix manipulations. A circuit of any
complexity is built by adding and cascading two-
port blocks. Since these blocks contain real ele-
ments that can be measured accurately, no ap-
proximations are used.

A designer cannot normally expect an ampli-
fier above 500 MHz to give really accurate re-
sults with discrete components, because the
physical dimensions of the components are ap-
proaching the order of magnitude of the elec-
trical wavelengths. Thus, for 500 MHz or higher,
microcircuits would be his natural choice.

However, for amplifiers below 500 MHz, too,
microcircuits have definite advantages. The thin-
film technique reduces size, parasitic reactances
and long-term costs, and at the same time im-
proves design accuracy, reliability, heat dissipa-
tion, and repeatability.

Accordingly, rather than utilize a conven-
tional design routine, suppose we follow the out-
line given below in adapting the s-parameter ap-
proach and the thin-film circuits to be used:

1. Use s parameters throughout. All high-fre-
quency measurements are done with s param-
eters, from taking the parameters of the active
devices to evaluating the complete amplifier.
Measurement errors can be reduced to as low as
2 to 3 per cent even in the GHz region. Magni-
tude and phase are both measurable.1 Swept
measurements and visual polar display of the
s parameters are possible.

Some of the leading transistor manufacturers
already are supplying s-parameter information
for their products. Vector voltmeters, network
analyzers, and other test equipment permit the
designer to obtain the s parameters from 1 MHz
up to 12.4 GHz both swiftly and accurately. A
typical wideband system to measure transistor
(discrete or chip form) s parameters can be cali-
brated into the GHz region in a few minutes, and
the s parameters can be read directly without
any additional tuning or adjustment (see photo).

2. Work with parameter matrices. Build up the
circuits step by step by adding and cascading
two-port blocks.- Keep converting the param-
eters11 (x, y, z and s) to the form that offers the

ELECTRONIC DESIGN 16, August 1, 1968
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What are s parameters?
S parameters1- are reflection and transmis-

sion coefficients. Transmission coefficients
are commonly called gain or attenuation; re-
flection coefficients are directly related to
VSWR and impedance.

Conceptually, s parameters are like h, y,
or z parameters insofar as they describe the
inputs and outputs of a black box. But the
inputs and outputs for s parameters are ex-
pressed in terms of power, and for k, y, and
z parameters as voltages and currents. Also,
s parameters are measured with all circuits
terminated in an actual characteristic line
impedance of the system, doing away with
the open- and short-circuit measurements
specified for h, y or z parameters.

The figure below, which uses the conven-
tion that a is a signal into a port and 6
a signal out of a port, explains s parameters.

TRANSMISSION LINES-

TEST DEVICE

r~
' I

1
1
1 „

sll

S2(

S|2

S22

-b2

J

In this figure, a and 6 are the square roots
of power; (a,)- is the power incident at port
1, and (&:•)- is the power leaving port 2.
The fraction of a, that is reflected at port 1
is $,,, and the transmitted part is s-.i. Simi-
larly, the fraction of a. that is reflected at
port 2 is s,,., and s,, is transmitted in the
reverse direction.

The signal 6, leaving port 1 is the sum of
the fraction of a, that was reflected at port
1 and what was transmitted from port 2.

The outputs related to the inputs are
61 = $n «i 4- s,, a,, (1)
b.2 = $21 «i -h s- a-. (2)

When port 1 is driven by an RF source, a>
is made zero by terminating the 50-0 trans-
mission line, coming out of port 2, in its
characteristic impedance.

The setup for measuring s,, and 5-ji is this:

50

S RF SOURCE

^J h ,r 0

TEST

DEVICE

\ .

t b

50 I

n . =0

If a.. = 0, then:
SM = 6i/a,, So, = 62/a, (3)

Similarly, the setup for measuring s^ and
s,.> is this:

SOU TRANSMISSION LINES

50

bi-

0

TEST

DEVICE

5Qj

RF SOURCE J

-• • . s
If a, = 0, then:

s,, = b,/a,, s-,, = 6,/a, (4)
Another advantage of s parameters is

that, being vector quantities, they contain
both magnitude and phase information.

By definition, $,, and s.,., are ratios of the
reflected and incident powers, or exactly the
same as the reflection coefficient, f, com-
monly used with the Smith chart. The input
and output parameters of a two-port device
can be presented on a polar display without
any transformation (see photos in text) and
the corresponding normalized impedances
can be readily obtained on the same chart.
Impedance transformation and matching
can be done either graphically or analytical-
ly. Mismatch losses that occur between any
port and a 50-fi termination can be calcu-
lated. For example,

PMI^U-,, == 10 log,,, (1 - - I'2),
where P.,, is the mismatch loss in dB at any
given port having a reflection coefficient. F.
When the s parameters are known, $M or
s,. can be substituted for F.

The transducer power gain of the two-port
network can be computed by

GT=s31
2 (5)

or in dB
GT = 10 log,,, ( (6)

simplest operation at every step. Since there are
no approximations, the calculations will not intro-
duce any additional error. This approach also
eliminates the need for conventional transistor
models, which not on]y do not truly represent the
device, but require h parameters that can be ac-
curately measured at frequencies above 100 MHz
only with great difficulty.

3. Use on-line time sharing, and let the com-
puter do all the work. With the help of a few
simple "do-loops" the optimum values of the cir-
cuit elements can be readily determined. Time

sharing offers extraordinary flexibility. The de-
signer need not wait until his program is return-
ed from the computer center; and prograrn
changes can be done by teletypewriter and the
results seen within seconds.

A completely automated network analyzer sys-
tem was recently developed.1 Here a small computer
controls all calibrations and measurements and also
solves the circuit program. Its automatic calibration
eliminates practically all uncertainties and human-
factor errors to bring an unprecedented accuracy
into microwave-circuit design. The maximum
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A complete s-parameter test setup good for frequencies up
to 12 GHz includes an HP 8410A/8411A Network Ana-
lyzer ($4300) and an HP 8414A Polar Display ($1100),
both housed in the top frame. In the center is an HP 8745A
S-Parameter Test Set ($3000) and under it an HP 8690A
Sweeper ($1600). If you are willing to sacrifice the con-

venience of polar display and swept measurement, you
can get by with just the Vector Voltmeter (HP 8405,
$2750), top of the shelf to the left. It will work up to
1 GHz. A photo of a Smith chart overlay (white grid) of
S22 over a 100 to 400 MHz range obtained by the author,
Les Besser, is shown on the right.

magnitude of errors can be as low as 0.1%—and
this is almost entirely due to the standard shorts
and terminations that are used to calibrate
the system.

Selecting the circuitry

The amplifier we are designing must meet the
following specifications (all measurements are
made in a 50-H system, i.e., 50-H load and a 50-H
source):

• Forward gain at 10 MHz: 20 dB ±0.5 dB.
• Gain flatness 10 kHz — 400 MHz: ±0.5 dB.
• Reverse gain (isolation) : < —30 dB.
• Input and output VSWR: < 1.5:1.
These specifications may be expressed in terms

of the s parameters by using the following re-
lationships for a two port network:

1. Input, output reflection parameters (su and
$.,..) are:

\s\== (S -- 1) ' (S + 1),
where S is the VSWR of the port that is being
specified while the other port is terminated in
the characteristic line impedance, i.e., 50 H; and

2. Forward and reverse gain parameters (s.}
and s,.j) are:

s ^log,', (G/20),
where G is the network gain in dB, when both
the driving source and the terminating load have
the characteristic line impedance.

Thus the above specifications become, in terms
of the s parameters:

< 0.2
< 0.03

: 10 ±
0.60
0.55

< 0.2
The stated 20-dB wideband gain requires a

voltage gain-bandwidth product of 4 GHz. This is
impractical with a single stage, and may be im-
possible to achieve. An expensive transistor would
be needed, and even with this transistor the
specified isolation and stability could impose
severe limitations. There are, however, several
low-cost transistors (for example, HP-1, HP-2,
2N3570) on the market with the guaranteed //
of 1.5 GHz. If mismatch losses are kept to a
minimum value, two such transistors cascaded
in a feedback circuit can provide 20-dB gain and
meet the above gain-flatness specifications with-
out requiring adjustment. Feedback, of course,
reduces the circuit's sensitivity to component
parameter variations and changes, and helps
maintain flat-gain response through a wide range
of frequencies. Of the various feedback arrange-
ments the most stable consists of separate com-
plex shunt and series feedbacks for each tran-
sistor (rather than over-all feedbacks around
both). This approach also permits the designer to
obtain the parameters of a single stage, and thus
find a conjugate interstage match that assures
maximum power transfer.

If the feedback circuit includes purely resistive
elements, or if it includes reactive elements to
reduce the effect of the feedback at the higher fre-
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4-3



quencies, the bandwidth can be increased.

Combining two-port networks

It was mentioned earlier that the network
parameter matrices should be continuously con-
verted to the form that offers the simplest means
for combining the various circuit elements. Be-
sides the s parameters, three other parameter
matrices are used (Fig. 1). The admittance Y
and the impedance Z parameter matrices do not
require an explanation, but the JV-parameter
matrice, which is used to cascade the two-port
networks, does. Here is how it was derived:

The transmission parameters", T, are common-
ly used to cascade two-port networks. In terms
of the s parameters:

5.,, __ (s...,

T - '

In the case of unilateral design (sr> = 0), the
value of T would go to infinity. A more meaning-
full form called X matrix is obtained1' where s^
rather than s,, is in the denominator. This
matrix, which has a finite value for all active
devices, is defined as:

Y — T { T
 rT\ -iA. - — J*t \Ltl ) ,

where
0

0

FEEDBACK NETWORK

©
»

Y'=
VH *2

fa ^2

ACTIVE TWO PORT

Y" -

y" v"Jn y\z

"'2\ '"22

•TOTAL

ACTIVE TWO PORT

z' =

2il Z',2

Z2l JZ2

FEEDBACK NETWORK

z"--

zl"l z','2

ZZI '22

x"=

*2I X22

XTOTAL=<X'> * (X11)

1. Feedback is added and two-port networks are cas-
caded by means of admittance (a), impedance (b) and
modified transmission (c) parameters. See text for the
derivation of the X-parameter matrix.
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Set up the program

The computer program for this design was
written for the GE time-share BASIC language
through remote teletype outlets. It consists of a
control section and several subroutines for the
various conversions. The BASIC language han-
dles matrices by simple (MAT READ, MAT
PRINT, etc.) commands. However, at the present
time it does not offer complex variable operation.
A special subroutine therefore was developed in
the following manner to enable the computer to
operate with complex matrices:

It can be proved7 that any complex number
can be represented by a 2 X 2 matrix for the
duration of some mathematical operations, if, at
the end, the matrix is "retransformed" in a com-
parable manner to the initial transformation. For
example:

It can also be proved that the matrix operation
will not change if all matrix elements are re-
placed by their equivalent matrices.

Now the real and imaginary parts of a complex
2x2 matrix form a 4 X 4 matrix. After the opera-
tions, this 4X4 matrix yields results in the original
complex form

-x'
X'

r' 3% 11 —

Since all calculations are done in matrix form,
the passive'network elements should be expressed
in matrix form. The method is illustrated in
Fig. 2, which deals with finding the equivalent Z
matrix of a resistive "T." Here, in the matrix
form, we have

Z =

=

,.,

(TV, + rt.) TV

^ ( rb

!• *. ra rb „ L2

Vi |rc V2

.1 1
2. An equivalent Z matrix for a common resistive "T"
is derived (in text) using the symbols defined above.
All operations involve matrices; accordingly, the reader
should familiarize himself with matrix algebra.

Step-by-step computerized design

We can now proceed with a description of
the steps required to design an amplifier stage.

Note that since all the steps below are illus-
trated pictorially, the schematics sometimes will
not change in converting matrices, say, S to Y.



1. Read in frequency.
2. Read in transistor s parameters in matrix

form, STI.

"I

-O

I _ _ J

3. Convert device S matrix to Y matrix, Sri-»
* 7*1-

4. Set up Y matrix for complex shunt feedback
element, Y,-.

5. Add shunt feedback, Yra = Y,, + YT].

9. Convert Z matrix of device with feedbacks to
X matrix, ZT« -*XTi.

, r-
i
l

l
l
i
1

XT,
- -r=-=r - - -i

r1
K

0V

,

/

10. Set up X matrices for base and collector bias
elements (may be complex), XBt X<-.

r

\J—

ru

I — l ' '

! :
i i '
i i

YTZ
r ' n

i e1!
i V. k—

»-^>

_r»

L_ .J

6. Convert Y matrix of device and shunt feed-
back to Z matrix, YT.. ->ZTi*

7. Set up Z matrix for complex emitter feed-
back element, ZK.

r

i j

8. Add emitter feedback to device with shunt
feedback, Zr-> = ZB -f ZTl.

~1

l 1 1

11. Multiply X jnatrices of bias elements by de-
vice and feedback matrices,
Xr, = -- (X,,) * (XT})

XT-A = (XT.,) '' (AC).

i i

(J-

n

n i- -T-

rs,3
1

1

i
— ^^

— o

1)1 SU,N If). August I.
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12. Set up X matrices for input and output match-
ing elements (lumped or distributed), X.tfJ, X^.

LT_ _ j I I

13. Multiply matching elements and device,
V f Y \ % f Y \
•"• T4 :^= \ •<* If 1 / V A. 7*3 )

Y - ( Y i * t y \•A Tr> — ' •"• r-i ) V-" J/j / •

XM2

O

_J

14. Convert over-all X matrix to 5 matrix, XT*>-
or^.

15. Print out:
• 5 parameters of amplifier.
• Maximum available gain.
• Transducer power gain (Gr).
• Circuit (mismatch) losses.
• Stability factor.
• Unilateral figure of merit, U.

(This outline should be followed for each stage
of the amplifier. Afterward the stage should be
optimized and its X matrices multiplied together
to obtain the over-all parameters).
16. Go to next frequency (step 1).
17. End.

A sample printout for two cascaded stages op-
erating at 100 MHz is shown below.

H P MICROW

GE TIME-SHARING SERVICE

ON AT l^:2b SF WED D5/22/b8 TTY 13

USER NUMBER-

SYSTEM— BASIC
NEW OR OLD—OLD

OLD PROBLEM NAME— LB-AMP

READY.

RUN

LB-AMP 1S

F= 100 MHZ

? SF WED 05/22/b8

N= 2 STAGES

GT= 20.1101 DB

MISMATCH LOSSES

INPUT PM= 3-QE588 E-2 DB
OUTPUT PM= l.BSbOl E-2 DB

G MAX= lD3.bb8 20.15b7 DB

U= 1.15*72 E-3

STABILITY FACTOR = 2.1f31fa

OVERALL S MATRIXrSll.S12.S21.SE2. (MAGN.+ ANGLE)

8.332*S E-2 -tS.2713 2.28023 E-2 -b

10.1282 -fa3.5fOR 5.S8QES E-2 -fat. 777

Note that the maximum gain is given as
20.1567 dB, while the GT = 20.1109 dB. The dif-
ference is due to the mismatch losses. The input
mismatch loss, for instance, is printed out as
3.02588 E-2 dB. The E-2 notation stands for 10--.
Subtracting the input and output mismatch loss-
es from the maximum gain results in the otjtain-
ed GT value.

Also note that the stability factor is well over
one and that the s-parameter values are well with-
in the specified limits.

Understand the program

The shunt and series feedback networks of the
single stages should be determined first. With
the help of two "do-loops" in steps 4 and 7 the
feedback elements are varied and the trends of
the resultant changes in sn, s^ and the maximum
available gain are printed out. The values of the
feedback elements are selected to give flat re-
sponse of maximum available gain, with an abso-
lute value equal to the specified transducer gain,
GT, and the lowest possible set of values for
s,, , -s':,L . A good flat response of maximum avail-

able gain within the frequency range of the
amplifier indicates that the circuit will provide
the required gain if and only if it is properly
matched both at the input and the output.

It is advisable to keep the magnitudes of both su

and s-.-. below 0.5 (the lower the better). Other-
wise the wideband match will become rather dif-
ficult, requiring a ladder network of several
sections.

After selecting the feedback networks the cor-
responding s,, and s-,-2 should be plotted on a
Smith chart and the matching networks deter-
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mined/- U5 n of the first stage and s-_. of the second
stage are matched to have magnitudes smaller
than 0.2, as specified earlier. S,, of the first stage
is matched to the conjugate value of sn of the
second stage. Again, the "do-loops" will help to
arrive at the optimum values.

The importance of this technique cannot be
overemphasized. Using conventional design tech-
niques, most engineers will accept far less satis-
factory matches without much hesitation rather
than face the difficulties involved in trial and
error. For example, consider the case in which
two stages are cascaded, each having a VSWR
of 2.5:1 at the input and output (magnitudes of
su and s-^ equal to 0.43). The mismatch losses
can total 3.5 dB—and yet in many instances they
would still be acceptable.

In our own case, however, the s-.-. of the un-
matched amplifier was 0.49 at 400 MHz, which
would result in a 1.2-dB mismatch loss when the
amplifier is terminated by a 50-(1 load. After the
three-element matching network is placed into
the output circuit, !s,J becomes less than 0.08
over the complete frequency range of the ampli-
fier. The maximum value of the mismatch loss
is reduced to 0.04 dB.

Once the matching networks are determined,
the component values should be fed into step 12
and the over-all response of the amplifier check-
ed. At this point the transducer gain G, is to
have a flat response. If the unilateral approach
is not followed (s,L. ^ 0), the output match will
affect the input impedance and the input match
may affect the output impedance. However, even
here only minor changes of the component values
will be needed, which the computer will do simul-
taneously. The circuit is ready to be built.

Stability and final measurements

Stability is of vital importance; the designer
should be certain that the amplifier will be un-
conditionally stable. Although the Linvill stabili-
ty factor,10 C, defines a necessary condition for
stability, it alone does not guarantee absolute
stability for all passive load and source imped-
ances.

In terms of the s parameters, the general con-
ditions for stability" require that

k = 1/C > 1
where

Table. S parameters at 100 MHz.

1 + 811 S22 — Siz «2i

2 \Sr>

2 —

S,!

5,i 2 s- -

In addition, the quantity
1 -|- S,, - S-L. "

must be greater than zero.
Only when both the above conditions are ful-

filled can the circuit be considered to be uncon-
ditionally stable for all possible combinations
of source and load impedances. If the amplifier

Specified
magnitudes

Design
values

Measured
values

s

< 0.2

0.083
/-49°

0.110
/-52°

S;

< 0.03

0.023
/-7Q°

0.020
/-6Q°

S2

(10 +0'6 -i
-0.55}

10.13
X-63°

10.36
X-54°

SM

< 0.2

0.060
X-64°

0.035
X-60°

shows tendencies toward instability, the gain-
bandwidth product of the circuit may have to be
reduced or the phase of the matching networks
changed.

The efficiency and accuracy of the design are
reflected in the close correlation between the com-
puter-predicted and measured parameter values
obtained on the first prototype (see table).

The thin-film process asserted itself through
the unusual repeatability of the first five labora-
tory prototypes. The magnitudes of all s param-
eters were found to be within ±2 per cent. ••
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Test your retention

Here are questions based on the main
points of this article. They are to help you
see if you have overlooked any important
ideas. You'll find the answers in the article.

1. What is the main advantage of s
parameters over h, y, or z parameters?

2. Can you define each s parameter in
terms of their physical significance?

3. Why is it desirable to have s^ as small
as possible?

4 . What is unconditional stability?
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SECTION V

QUICK AMPLIFIER DESIGN WITH SCATTERING
PARAMETERS

William H. Froehner's article shows howto design an
amplifier from scattering parameter data. He shows
the s parameters can be used to reliably predict the
gain, bandwidth, and stability of a given design. Two
design examples are included. One is the design of
an amplifier for maximum gain at a single frequency
from an unconditionally stable transistor. The second
is the design of an amplifier for a given gain at a
single frequency when the transistor is potentially
unstable.

S Parameter Definitions 5-2

Amplifier Stability 5-4
K (Stability Factor) 5-4
Stability Circles 5-4
Constant Gain Circles 5-6

Designing a Transistor Amplifier for Maximum
Gain at a Single Frequency 5-6
Matching the Output 5-8
Matching the Input 5-8

Designing a Transistor Amplifier for a Given
Gain at a Single Frequency 5-10
Picking a Stable Load 5-10
Matching the Output 5-11
Matching the Input 5-11
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Design theory

Quick amplifier design
with scattering parameters

Smith chart and s parameters are combined in

a fast, reliable method of designing stable transistor

amplifiers that operate above 100 megahertz

By William H. Froehner

Texas Instruments Incorporated, Dallas

Bandwidth, gain, and stability are the most im-
portant parameters in any amplifier design. Design-
ing for one without considering the other two can
mean a mediocre amplifier instead of one with high
performance. A reliable technique for predicting
bandwidth, determining gain, and assuring stability
uses scattering or s parameters.

Scattering parameters make it easy to charac-
terize the high-frequency performance of transis-
tors. As with h, y, or z parameter methods, no
equivalent circuit is needed to represent the tran-
sistor device. A transistor is represented as a two-
port network whose terminal behavior is defined
by four s parameters, Sn, 812, 821, and 822.

For designs that operate under 100 megahertz
the problem of accurately representing the transis-
tor is not acute, because transistor manufacturers
provide relatively complete data in a form other
than s parameters. However, at frequencies above
100 Mhz the performance data is frequently incom-
plete or in an inconvenient form. In addition, h, y, or

Looking back

This is the second major article on scattering param-

eters to appear in Electronics. In the first, "Scattering
parameters speed design of high-frequency transistor
circuits/1 [Sept. 5, 1966, p. 78], F.K. Weinert de-
scribed how to use the technique in a special case
where the input impedance is matched to the load.
This condition always results in an unconditionally
stable amplifier. In practice, this ideal condition is not
always possible.

In this article, author W. H. Froehner describes how
to use the technique more generally—when the input
impedance is not matched to the load and the
scattering parameter sia does not equal zero.

z parameters, ordinarily used in circuit design at
lower frequencies, cannot be measured accurately.
But s parameters may be measured directly up to
a frequency of 12.4 gigahertz. Once the four s pa-
rameters are obtained, it is possible to convert them
to h, y, or z terms with conventional tables.

Defining the terms

Because scattering parameters are based on
reflection characteristics derived from power ratios
they provide a convenient method for measuring
circuit losses. Representing a network in terms
of power instead of the conventional voltage-cur-
rent description can help solve microwave-trans-
mission problems where circuits can no longer be
characterized using lumped R, L, and C elements.

When a network is described with power para-
meters, the power into the network is called in-
cident, the power reflected back from the load is
called reflected. A description of a typical two-port
network based on the incident and reflected power
is given by the scattering matrix. To understand
the relationships, consider the typical two-port
network, bottom of page 101, which is terminated at
both ports by a pure resistance of value Z0> called
the reference impedance. Incident and reflected
\vaves for the two-port network are expressed by
two sets of parameters (ai,bi) and (a2,b2) at ter-
minals 1-1' and 2-2' respectively. They are

:+ VZJi

~VZJi

= input power to the (la)
load applied at port 1

= reflected power from
the load as seen from
port 1

db)
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7C+ Vzj2

vg _
_lrT~~ VZ0I2

power to the (Ic)
load applied at port 2

= reflected power from
the load as seen from (Id)
port 2

Hence, the scattering parameters for the two-port
network are given by

bi = Sn&i ~r Si2a2

b2 = S21&] ~r S22a2

Expressed as a matrix, equation 2 becomes

Sll 812

(3)

(4)

(2)

21 S22.

where the scattering matrix is

812"

w =
S22_

Thus, the scattering parameters for the two-port
network can be expressed as ratios of incident and
reflected power waves.

Sii =

s2I =

812 —

S» = a 2

(5)

The parameter sn is called the input reflection
coefficient; s2i is the forward transmission coeffi-
cient; Siu is the reverse transmission coefficient;
and sL>2 is the output reflection coefficient.

By setting a2 = 0, expressions for Sn and 521
can be found. To do this the load impedance Z0 is
set equal to the reference impedance RML- This
conclusion is proven with the help of the termi-
nating section of the two-port network shown above
with the a-2 and bo parameters. The load resistor
Z0 is considered as a one-port network with a scat-
tering parameter

Z0 —
(6)

Z0 + RML

Hence a2 and b2 are related by

az = &2b2 (7)

When the reference impedance RML is set equal to
the load impedance Z0, then s2 becomes

Lie, /*o /n\

Z0 + Z0

I I,

E V1

1'

TWO-PORT

NETWORK

2

i'_L 3
?'

Defining the s parameters. Ratios of incident waves
ai, ai> and reflected power waves bJt b= for ports 1 and
2 define the four scattering parameters.

b2

T

1

1

A
— y—

1

1
|

1
1

J

2 O

2' O

Impedance matching. By setting a2 equal to zero
the engineer can determine the Sn value. The
condition a2 — 0 implies that the reference
impedance RMS is set equal to the load impedance Zo.

so that a2 = 0 under this condition. Likewise,
when ai = 0, the reference impedance of port 1 is
equal to the terminating impedance; RMS = Z0.

By defining the driving-point impedances at
ports 1 and 2 as

Z, = -p-; Z2 = ^L (9)
ll J.2

su and s22 can be written in terms of equation 9.

b,
sn = a,

i[(v,/Vz0) + Vz0ij
(10)

(ID

In the expression

821 =

The condition a- — 0 implies that the reference
impedance RMi. is set equal to the load Z0. If a
voltage source 2EV is connected with a source im-
pedance RMS = Z0, as seen on page 102, ai can be
expressed as

B,
(12)

Since a2 = 0, then a2 = 0 = \

= =- Vz0i2from which

Consequently,

b2 = 5 VZ0

Hence,

821 = - (13)
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TWO-PORT

NETWORK

2

2 Z

2'

Zn=R»

Finding s.;. By connecting a voltage source,
2Ei, with the source impedance, Z0f

parameter Sn can be evaluated.

Similarly when port 1 is terminated in RMS = Zo
and a voltage source equal to 2E2 having an im-
pedance of Z0 is connected to port 2

E2
(14)

Both 512 and s2i are voltage-ratios and therefore
have no dimensions. For a passive network, s21 =
Si2. Parameters sn and 822 are reflection coefficients
and are also dimensionless.

Stabilizing an amplifier

Since the s parameters are based on reflection
coefficients, they can be plotted directly on a Smith
chart and easily manipulated to establish optimum
gain with matching networks. To design an
amplifier the engineer first plots the s-parameter
values for the transistor on a Smith chart and then,
using the plot, synthesizes matching impedances
between a source and load impedance.

Stability or resistance to oscillation is most
important in amplifier design and is determined
from the s parameters and the synthesized source
and load impedances. The oscillations are only pos-
sible if either the input or the output port, or both,
have negative resistance. This occurs if su or $22
are greater than unity. However, even with nega-
tive resistances the amplifier might still be stable.

For a device to be unconditionally stable Sn and
s22 must be smaller than unity and the transistor's
inherent stability factor, K, must be greater than
unity and positive. K is computed from

1+ A |2 _ Sn
|2 _

S22

218318121
(15)

Plotting circles

Stability circles can be plotted directly on a
Smith chart. These separate the output or input
planes into stable and potentially unstable regions.
A stability circle plotted on the output plane in-
dicates the values of all loads that provide negative
real input impedance, thereby causing the circuit
to oscillate. A similar circle can be plotted on the
input plane which indicates the values of all loads
that provide negative real output impedance and
again cause oscillation. A negative real impedance
is defined as a reflection coefficient which has a
magnitude that is greater than unity.

The regions of instability occur within the circles

whose centers and radii are expressed by

center on the input plane = ral

a*
Su2-|A|2

radius on the input plane = Rti

18128211
|su|2-

center on the output plane = r^

-!Al2

radius on the output plane =

where

C2 = 822 — Asn*

A = 811822 — S12s2l

822
812821
2 A

(16)

(17)

(18)

(19)

(20)

(21)

(22)

In these equations the asterisk represents the
complex conjugate value. Six examples of stable
and potentially unstable regions plotted on the
output plane are on the opposite page. In all cases
the gray areas indicate the loads that make the
circuit stable.

The first two drawings, A, and B, show the pos-
sible locations for stability, when the value of K is
less than unity; C and D are for K greater than
unity. When the stability circle does not enclose
the origin of the Smith chart, its area provides
negative real input impedance. But when the sta-
bility circle does enclose the origin, then the area
bounded by the stability circle provides positive
real input impedance.

Drawings E and F indicate the possible loca-
tions for stability when the value of K is greater
than unity and positive. If the stability circle falls
completely outside the unity circle, the area
bounded by this circle provides negative real input
impedance. But if the stability circle completely
surrounds the unity circle then the area of the
stability circle provides positive real input im-
pedance.

When K is positive

The design of an amplifier where K is positive
and greater than unity is relatively simple since
these conditions indicate that the device is uncon-
ditionally stable under any load conditions. All the
designer need do is compute the values of RMS and
RML that will simultaneously match both the input
and output ports and give the maximum power
gain of the device.

Reflection coefficient of the generator
impedance required to conjugately
match the input of the transistor = RMS

= Ci"
VBi*-4|Ci|
2|d|'

(23)
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lability examples

(A) CONDITIONALLY STABLE K< 1 (B)CONDITIONALLY STABLE K<

(C) CONDITIONALLY STABLE K >1 (D)CONDITIONALLY STABLE K>1

(E) UNCONDITIONALLY STABLE K > 1 (F)UNCONDITIONALLY STABLE K > 1

Controlling oscillation. Stability circles are superimposed on the output plane. Load impedances chosen
from gray areas will not cause oscillation. Colored areas represent unstable loads.
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where

! = 1 + SH 2 - 822 (24)
and

Reflection coefficient of that load im-
pedance required to conjugately
match the output of the transistor = RML

VB2
2-4|C2

2|C2

where

B2 = 1 + 822 2 - Sn 2 -

(25)

(26)

and Ci and C2 are as previously defined.
If the computed value of BI is negative, then the

plus sign should be used in front of the radical in
equation 23. Conversely, if BI is positive, then the
negative sign should be used. This also applies in
equation 25 for BS- By using the appropriate sign
only one answer will be possible in either equation
and a value of less than unity will be computed.

The maximum power gain possible is found from
the relationship

ISgl I VK2- 11 (27)

Once again the plus sign is used if Bt is negative
and the minus sign if BI is positive. This maximum
power gain is obtained only if the device is loaded
with RMS and RML expressed as reflection coeffi-
cients. These values are plotted directly on a Smith
chart that has been normalized to the reference
impedance, (Z0 — 50 ohms, in this case). The
actual values of RMS and RML are read from the
Smith chart coordinates and multiplied by Z0. A
lossless transforming network can then be placed
between the transistor and the source and load
terminations to obtain the maximum gain.

If a power gain other than GMAX *s desired, con-
stant gain circles must be constructed. The solu-
tion for contours of constant gain is given by the
equation of a circle whose center and radius are

The center of the
constant gain circle
on the output plane = ro2 =

G

B2G
C2* (28)

The radius of the constant gain circle on
the output plane = R02

(1-2K181,821 G +

where

,OQ,

|A|* (30)

(31)

(32)
and Gp = desired total amplifier gain (numeric)

After a load that falls on the desired constant
gain circle has been selected, a generator im-
pedance is selected to achieve the desired gain.

Go = 821

The value for the generator impedance that simul-
taneously matches the input load is given by

r2A
(33)

where

r2 = the reflection coefficient of the load picked.

To prove stability

With the following example it can be demon-
strated that when a positive K is greater than unity,
the amplifier will always be stable.

Objective: Design an amplifier to operate at
750 Mhz with a maximum gain using a 2N3570
transistor. The bias conditions are VCE = 10 volts
and Ic — 4 milliamperes. Scattering parameters
for this transistor were measured and found to be

8n = p.277 /-59.00

su = 0.078 Z93.00

821 = 1.920 /64.0°
822 = 0.848 Z-31.00

Solution: Compute the values for the maximum
gain, and the load impedances RMS and RMI>

A =
Ci =

- 812821 = 0.324 Z-64.8C

- AS22* = 0.120 Z-135.4°
Sn

2 _ 2- A|2 = 0.253
C2 = S22 - Asn* = 0.768 Z -33.8°

= 1+] 822
A

2 .

2 _

2
-
Si

Sn

Sn

2S21

2 „

2 _

A]

D2 = 822 2-|A|2 = 0.614

Since BI and B2 are both positive, the negative sign
is used in the following:

GMAx=|s21|K-VK2- 1
= 19.087 = 12.807 db

RMS =
- 4 Ci

2|C,|*

- 0.730 Z 135.4°

B2- VB2
2 - 4

2|C2|
2

= 0.951/33.8°
RMS and RML are plotted on the Smith chart on the
opposite page. The actual values of RMs and RML
can now be read from the Smith chart coordinates
as Z8 and ZL.

RMS = Za = 9.083 4- j 19.903 ohms
RML = ZL = 14.686 + j 163.096 ohms

These results were obtained with a computer and
do not represent the actual reading of the coordi-
nates on the Smith chart.

A lossless matching network can now be inserted
between a 50-ohm generator and the transistor to
provide a conjugate match for the input of the
transistor. To conjugately match the output of the
transistor a lossless matching network can be in-
serted between the transistor and a 50-ohm load.
With the transistor's input and output conjugately
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Strip-line design

3.42cm 0,12%)t
2N3570

11
1
^r^
,000 pf

5.05cm
0.18% X

1

^—

2

i

-

BIAS LINE
6.85cm

, 0.250 %X

r~

4.97cm 0.1775%X

VBB

I.OOOpf

0.715cm
0.0256 %X

( I.OOOpf

•=• +10v

Design example. Graphical plot of a 750-Mhz amplifier design using a 2N3570 transistor. Completed
circuit uses strip lines to match the input and output to the transistor.
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matched, a maximum power gain is achieved.
In this example Teflon transmission lines, using

-fa" Teflon Fiberglas p-c board, were chosen for
matching the input and output. The values for the
lines are determined as follows:

Output circuit

Step 1. Transform RUL to 50± jz ohms or 20± jb
mmhos using the relationship

Input circuit

Step 1. Transform RMS to 50 ± jz ohms or 20 ±
jb mmhos using the relationship

11/2

jb =
- GB)2

1 -|R MS

jb-
where

RML
2 (Y0 H

1
-GL)

-IR
2 - (Y0 -

ML

GL)2

2

-11/2

where

Gs — real part of the source admittance which
in this case is 20 mmhos. Hence,

jb = (Q.73Q)2(20 + 20)2 - (20 - 20)2

- (0.730)2

L/2

jb = reactance of the parallel stub
Y0 = characteristic admittance of the transmission

line

GL = real part of load admittance

In this case Y0 and GL = 20 mmhos. Hence,

= ±42.8 mmhos

jb-
(0.951)2(20 + 20)2 - (20 - 20)2 t/s

1 - (0.951)2

= ±123.5 mmhos

The negative sign was chosen for a shorted induc-
tive stub to keep the over-all length below A/4.

Step 2. Find the lengths for elements 3 and 4.

tan/3L =

therefore,

0L = 9.2C

but

20

Jb 123.5
= 0.162

fl-

uid

X =

27T

velocity of light 300 X 106 meters/sec
frequency

= 40 cm/hz

Hence,

L = -~- X 40 cm = 1.02 cm

For element 4

L4 = (1.02) (0.7) = 0.715cm

750 X 106 hz/sec

where A on Teflon Fiberglas

For element 3

Ye- YL

" = (0.7) (A(ree air)

20 - (20 - j 123
20 + (20 - j 123

.5) 1

.5) J
= 0.953 Z 162C

720°

162° - 33.8C

720°
(40) (0.7) = 4.97cm

The positive sign was chosen for an open capacitive
stub to keep its length below A/4.

Step 2. Find the lengths of elements 1 and 2.

Jb

20
= 0.467

42.8

therefore,

j3L = 65°

and the length of element 1 is

65°
360°

= 5.05 cm

Yo-Y.

(40) (0.7)

20 - (20 + j 42.8)
20 + (20 + j 42.8)

= 0.730 Z-1370

Thus the length of element 2 is

720°

-137° - 135.4C

720°
(40)

272.4
720°

X40

Since a positive angle is required, add 360°, then

87.6°
720°

(40) (0.7) = 3.42cm

The completed circuit is on page 105.
If a gain other than GMAx had been desired, a

constant gain circle would be required. For ex-
ample, suppose a power gain of 10 db is desired.
Thus,

GP = 10 db

and

G0 = 132! 2 = 3.686 = 5.666 db
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Discrete-component design

2N3570

6.38pf

50

*CC
I

t.OOOpf

Design example. Graphical plot of a 500-Mhz amplifier design using a 2N3570 transistor. Matching is
achieved with discrete components whose values are determined from the Smith chart plot.
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then

G = G,
= 2.713 = 4.334 db

Now by computing the center

G
1*02 —

and radius

D2G
C2* = 0.781 Z33.851C

- 2K s12S21 G + s12s.i 2G2)"2

= 0.136

where

A 2 = 0.614

a constant gain circle, which shows all loads for
the output that yield a power gain of 10 db, can
be constructed directly on the Smith chart on page
107. The RML picked in this example was 0.567
Z 33.851°, and read off the Smith chart coordinates
as 89.344 -f j 83.177 ohms. The source reflection
coefficient required with this load is

RMS =
— RML&22

= 0.276 Z93.329C

Hence,

Za = 41.682 + j 24.859 ohms.

Since K is greater than unity and BI is positive,
unconditional stability is assured for all loads.

Alternate design

When the value of K is less than unity, a load
must be chosen to assure stable operation of the
amplifier. To accomplish this a stability circle is
plotted on the Smith chart and examined to deter-
mine those loads that may cause oscillation. As
long as a load is picked that does not fall in the
area of the stability circle, stable operation is
assured.

When K is less than unity, the gain of a poten-
tially unstable device approaches infinity by defini-
tion. Therefore, equations 23, 25, and 27 cannot be
used. Instead, a Gp must first be chosen and then
the same procedure as used for K > 1 is followed.

The amplifier must be protected from oscillating
by careful selection of the load impedance as dem-
onstrated in this example.

Objective: Design an amplifier using a 2N3570
transistor that lias a power gain of 12 db at 500
Mhz. The bias conditions are VCE — 10 volts and
Ic •=. 4 milliamperes. The s parameters are

s,i = 0.385 Z-55.00

Si2 = 0.045 Z90.00

821 = 2.700 Z78.00

822 = 0.890 Z-26.50

Solution: Compute the values of G, RMs, and RML.

A = sU822 - s12S2i = 0.402 Z -65.040°
Ci = Sn - ASM* = 0.110 Z-122.395°

= 1 + su A - = 0.195

B2 =
D2 =

K =

1 + SM
Sal2-

1 + A

2 _

A
Sn

2 _
A 2 = 1.483

2 = 0.631

2 _

2
Sn

812821

2 _ 8a 2
- n ono

G = -~ = 2.174 or 3.373 db

Since K is less than unity it is necessary to pick a
load that does not cause oscillation. To accomplish
this, first consider a stability circle on the output
plane. This circle has a center at

rfl2 =
S22

and a radius of

RB2 =
812821
2 A

= 1.178 Z29.881C

= 0.193

and is represented as the unstable region on the
Smith chart on the previous page. As long as an
output load is not picked that lies in the unstable
region, stable operation is assured.

The constant gain circle that yields 12.0 db of
power gain now has a center at

G
D2G

C2* = 0.681 Z29.881C

and a radius of

(1 + 2K s12S2i G + s12s2l
 2G2)"2

D2G
= 0.324

By constructing this constant gain circle, an out-
put load is again chosen. The RML chosen on the
circle had a reflection coefficient of 0.357 L 29.881°,
and was read off the Smith chart coordinates as
85.866 + j 35.063 ohms. The source reflection co-
efficient required for this load is

RMS —
Sn —

1 — RM 1,822
= 0.373 Z64.457C

Thus,

Z8 = 52.654 j 41.172 ohms

Now a look at the stability circle plotted on the
input plane is required to see if the value of RMS

assures stable operation. The circle on the input
plane has a center at

Cl
151

Sn
2 _

A

and a radius of

RSI =
Sn 2~L_ A

C2 = 82, - Asu* = 0.743 Z -29.881C

= 8.372 Z- 57.605°

- = 9.271

Only a portion of the input stability circle is
shown due to its size. The shaded area is unstable.

Since RMS does not fall inside this circle and
RML does not fall inside the output circle stable
operation is assured.

The complete circuit, bottom of page 107, was
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constructed from this data. Values for the matching
components were obtained using the following
procedure.

Output circuit

Step 1. Transform RML to 50 ± jz ohms or
20 ±: jb mmhos. Since individual components are
used for matching it is necessary to convert RML
to its parallel equivalent circuit by adding — 180°
to a positive angle, or +180° to a negative angle.

Therefore,

RML] = 0.357 Z- 150.119°

Using the formula

1 + RMLl
IL -

where Y0 — 20 mmhos

YL = 10 - j 4.08 mmhos

Converting the YL admittance to an impedance
yields ZL = 100 — j 245 ohms.

Step 2. Compute the value for the capacitor
from the relationship

Xfl = V(RP - R8)R,

where

Rp = real part of ZL = 100
R9 = load impedance = 50

therefore.

Xc = V2500 = 50

and

1
d = -o-fvr = 6-38 pf

Step 3. Compute L! from

v R8 + Xc (5Q)2 + (50)2

~~

The total XL is

(XLl)(XL)
ALT = = 71

(XLl + XL)

where

XL = 245 ohms = imaginary part of ZL

hence,

= 0.023 tth

Input circuit

Step 1. Transform RMs to 50 ± jz ohms or
20 ± jb mmhos. To do so convert RMS to its par-
allel equivalent circuit by adding — 180° to a
positive angle, or +180° to a negative angle.

Therefore,

RMSl = 0.373 Z- 115.543°

Using the formula

Y8 -
(1 + RMS)
(1 — RMS)

where Y0 = 20 mmhos
Compute Ys. Thus,

Ya = 11.8 - j 9.4 mmhos

or

ZB = 84.7 - j 106.4 ohms

Step 2. Compute £,%

Xc2 = V(RP - R,)R8

where

Rp = real part of Zs = 84.7 ohms
R8 = source impedance = 50 ohms

Thus,

Xc2 = 41.6 ohms

and

]

= 7-66 pf

Step 3. Compute L^

Rs2 + Yc2 (5Q)2 + (41.6)2

~X^~ 41.6

= 102 ohms

(XLl)(XL)
XLT = Tv~w~v^r = 52-2 onms

(.AL^AL)

where

XL — imaginary part of Zs = 106.4 ohms

hence

L* = ^Lf = °-017 ^h
ZTTI

Bandwidth, the third important design factor, is
dependent on the Q of the circuit. There are no
magic formulas for accurately predicting band-
width in all cases. Many LC combinations provide
the same complex impedance at the center fre-
quency but yield different Q's and bandwidths.

If the inherent bandwidth, Q, of a transistor
loaded with a particular LC combination yields a
bandwidth that is greater than desired, adding LC
elements narrows the bandwidth and keeps the gain
constant. But if the inherent bandwidth is nar-
rower than desired, a gain reduction or different LC
combination changes the bandwidth.

The author

William H. Froehner, who started
working at Tl in 1964, designs high
frequency measurement and test
equipment. In the last 18 months he
has been applying the scattering
parameter technique to design
high frequency amplifiers.
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SECTION VI

TWO-PORT POWER FLOW ANALYSIS USING
GENERALIZED SCATTERING PARAMETERS

Dr. George Bodway's article, first published as an
internal HP report in April, 1966, was the first ana-
lytical treatment on the practical characterization of
active semiconductor devices with s parameters.

Dr. Bodway shows the relation between generalized s
parameters and those measured on a transmission
line system with a real characteristic impedance. He
then shows how these s parameters are related to
power gain, available power gain, and transducer
power gain. Stability and constant gain circles are
derived from the s parameters. Bodway then shows,
both mathematically and graphically, how stability and
gain are considered in amplifier design.
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INTRODUCTION

The difficulty of measuring the com-
monly accepted amplifier design par-
ameters, such as the admittance or y
parameters, increases rapidly as the
frequency of interest is extended above
100 MHz. When the desired par-
ameters must be referred either to a
short or an open above 1000 MHz,
a wideband measurement system be-
comes essentially impossible. A con-
venient way to overcome this problem
is to refer the measurements to the
characteristic impedance of a trans-
mission line. A set of informative
parameters which can readily be meas-
ured in terms of the traveling waves
on a transmission line are the scatter-
ing or "s" parameters.

To illustrate the bandwidths possi-
ble, two measurement systems have
been set up which measure the scat-
tering parameters (amplitude and
phase) without adjustments or calibra-
tions of any kind (once the system is
set up) over the frequency ranges
10 MHz to 3-0 GHz and 1.0 - 12.4
GHz.

There are then many advantages
for having a design available in terms
of the easily measured scattering par-
ameters. One important advantage is
that the matching networks are also
measured in terms of scattering par-
ameters, for reasons of simplicity at the
lower frequencies, and at higher fre-
quencies because of necessity. At mi-
crowave frequencies many of the
passive elements in a design are open,
shorted or coupled sections of trans-
mission line which can be represented
as a reflection coefficient on a Smith
Chart. Thus, the process of design is
readily served by a procedure involv-
ing reflection coefficients rather than
impedance. Having measured both the
active device and associated passive
elements in terms of one set of par-
ameters, much feeling for the import-
ance of each measured parameter
would be lost by converting all the
parameters to another set and proceed-
ing with the design from there. An-
other significant advantage is In the
resulting simplicity of understanding
and the intuitive insight one may
thus gain from a design based on the
generalized scattering parameters. Be-
cause of this, the design method is
being used at frequencies far below
the microwave region. The reason for
this simplicity is that the parameters
used for the design are inherently
power flow parameters.

This paper attempts to formulate
a theory which can be simply applied
to the measured s parameters in order
to synthesize a desired power transfer
versus frequency for a linear two port.
In addition to obtaining and display-

ing the three familiar forms of power
flow, the power gain G, the available
gain GA and the transducer gain GT

versus the load and generator imped-
ances, the potential stability, or in-
stability as the case may be, is com-
pletely and simply specified graphical-
ly in terms of the measured quantities.
A stability circle is defined for both
the input and output planes (genera-
tor and load Smith Charts) which
simply and completely defines the net-
work both with respect to potential
instability and with respect to the
nature of constant power flow con-
tours.

INTRODUCTION TO GENERALIZED

SCATTERING PARAMETERS

The power waves and generalized
scattering matrix were defined very
elegantly in a paper by K. Kurakawa.1

These parameters were introduced pre-
viously by Penfield,2'3 and also by
Youla4 for positive real reference im-
pedances. These parameters will be
presented here in a form consistent
with the rest of the paper. It is possi-
ble that the usefulness of these par-
ameters was not realized or used pre-
viously for transistor circuit design
because of the slow, tedious job of
measuring them accurately with a slot-
ted line or a bridge.

The power waves are defined by
Equations [l(a), (b)] and Fig. 1.

V, +2,1,

2V

V.-2,*!,

2\/ ReZ, [Kb)]
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Equation (1) defines a new set
of variables ai( bj, in terms of an old
set, the terminal voltages and currents
Vi and Ii. This change of variables
accomplishes two things: for one, the
ai and b| have units of (power)1/2

and a very precise meaning with re-
spect to power flow; second, the re-
lationship between the variables ai,
bi will now depend on the terminal
impedances of the network.

The expression for the reladon be-
tween the a/s and b/s is defined by

bi = St] a] (2)

where Su is an element of the general-
ized scattering matrix and bi and at

are, respectively, the components of the
reflected and incident power wave
vectors.

If Zj is real and equal to the char-
acteristic impedance of transmission
lines connected to the ports of a net-
work, then the definition of" a^ bi re-
duces to that of the forward and
reverse traveling waves on the trans-
mission lines and s reduces to the
microwave scattering matrix. There-
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Fig. 1 — Representation of an n port

network defining voltages, currents

and reference impedances at each

port.

fore the advantages of remote trans-
mission line techniques can be used
to measure the properties of the net-
work and determine rhe generalized
scattering matrix.

The physical meaning of the power
waves 3j, bj and the generalized par-
ameters Sjj are demonstrated by the
following equations (Fig. 2). The
results follow from Equation (1) and
circuit relations indicared by Fig. 2.

a2 = 0 (4)

|b2|
2 = I2|

2 ReZ2|

= PL for real part Z2 positive

= —PL for real part Z2

negative (5)

where PI, is the power delivered to
the load.

4|ReZ,|

= Pa for real part Zi positive

= Pe for real part Zi
negative (6)

where Pa is equal to the power avail-
able from the generator and Pe is the
exchangeable power of the generator,

and

Re(V1I1*) (7)

Using the relations above for
and |bi 2 the following significant
and useful physical content of the
generalized scattering parameters is
evident. With the real part of Zi and
Z2 positive, the forward scattering
parameter* is identically equal
to the transducer power gain of the
network.

. |ba

= transducer power gain
(8)

* The word "generalized" will be deleted,
but h to be understood throughout the
remainder of the paper.
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r. plane

Fig. 2 — Two port model showing volt-

ages, currents, load and generator

impedances and power waves.

When either the load or generator
impedance consists of negative real
parts, appropriate negative signs must
be used. In the remainder of this
paper (unless stated otherwise) we
will assume that the real parts of Z,
and Z2 are positive, in order to keep
the repetitions in bounds. Neverthe-
less negarive real loads and generator
impedances come up quite often such
as when cascading potentially un-
stable stages and are treated in the
same way.

Similarly we have

Fig. 3 — Circle defined by rs2 and pa2

divides r.. plane into a stable and

potentially unstable region of opera-

tion. If s, j | . 1, the inside of

the circle indicates those loads

which provide negative real input

impedance (jsn'| >')• The hea-

vier weight circle defines the unit

circle on the Smith Chart.

Because of the close relationship
between power flow and the general-

Power reflected from the input of the network

Power available from a generator at the input port

for the real part of Z, positive.

Placing the generator at the output
port, we observe that

(9)

and

|si2]
2 = reverse transducer

power gain (10)

,2 _ Power reflected from rhe output of the device
Power available from a generator at the output port (11)

where

—
reflected

• del Ivered lo the network

(12)

To repeat, for "positive real" load
and generator impedances, s^ - and

2 are the forward and reverse trans-
?r power gains, while sn " and
- express the difference between

power available from a generator and
that which is delivered to the network
normalized to the power available
from rhe generator.

In addition to the transducer power
gain [sjt]", there are rwo other useful
measures of power flow for a two
port network; these are given by

G =
Power delivered to load

Power into two port

ized scattering parameters we might
expect that transistor amplifier design,
which is intimately concerned with
power flow, could be intuitively clear
and straightforward in terms of these
parameters.

The generalized scattering par-
ameters are defined in terms of specific
load and generator impedance. To
make broadband measurements, the
parameters are usually referred to 50
ohms. Then, to proceed with the de-
sign or to utilize the measured par-
ameters, we must have an expression
for the generalized scattering par-
ameters in terms of the measured
parameters and arbitrary generator and
load impedances. The new scattering
parameters for arbitrary load and gen-
erator are given by

(13)

Power available at the output
Power available from the generator 1 —|SM

t h e i c r o w a v e

(14)
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Sn' =
J* [(l-r2S22)(su-fi*)+r2s12s21]

o ' —

S22 —

A,

A,*
A,

A,*
A2

A2*
A2

[ ( 1 — rx s

[d-rlSl

[(l-rlSl

[(!-*
[(l-rlSl

T) (1— r2s2a)— iM

sl2[l- n2]
i)(l-rlSn)-rti

c |"1 — r 21
^21 L •*• *2 J

i) (1— r2s22)— rir

S]i/ (S22"~"^2 ) ~T ^i

i) (1 — r2s22)— fit

2 Si2 S'jlJ

, s,, s«]

2 Si2 S2iJ

Sl2 S2lJ

2 Sia S2lJ

(15)

(16)

(17)

(18)

where

and

(20)

The three forms of power gain can
now be expressed in terms of a given
set of scattering parameters (s) and
arbitrary load and generator imped-

instability; one in which the input
and output impedances of the device
are insured of having a positive real
part and stability thereby guaranteed,
and a second which allows the input
and output impedance to have neg-
ative real parts, but only to the extent
that the total circuity is still stable."

The question of stability must be
investigated at all frequencies of
course, but design for a specific gain
or amplifier response versus frequency
is usually required over some more
restricted frequency range. If this

— c 'I2 —
T — S2l I (21)

G =
•(1

(1-lsnt)
(22)

GA =
s21'

(23)

where

A — Sn s22 Si2 821

C^j Su ZA s22

(24)

(25)

(26)

STABILITY OF TWO PORT NETWORK

An important consideration in design-
ing transistor amplifiers is to insure
that the circuit does not oscillate. A
two port network can be classed as
either being absolutely stable or po-
tentially unstable, it is desirable to
consider two types of loading and by
this means two degrees of potential

specific range is restricted to absolute
stability, then the design is simplified
considerably. However, this in turn
severely restricts the potential useful-
ness of the device. The two alternative
considerations, for potentially unstable
frequency ranges, offer increased po-
tential use for a given device. They
also necessitate a corresponding in-
crease in the complexity of the design.
The information we desire concerning
stability can then be summarized as
follows. It is necessary to know over
what frequency ranges the two port
is potentially unstable; and in those
frequency ranges where the device is

GEORGE E. BODWAY received a BS in 1960, an MS in 1964

and a PhD in Engineering Physics in 1967 from the University

of California at Berkeley. He is presently Project Supervisor of
the thin film microcircuit research, development and processing

in the Microwave Division of Hewlett Packard. Before this

position Dr. Bodway was a research engineer working with solid

state microwave circuit design.
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potentially unstable, we desire in-
formation about which loads and gen-
erator impedances provide stable oper-
ation. The answers to these questions
are approached by considering Equa-
tions (15) and (18) with ri = 0 and
r2 as a variable.

Consideration of Equation (18)
shows that if
r2 still gives

>1, then any passive
>1 and the network

is potentially unstable for all loads r2

and the given r^ Stability with respect
to the output port will be attained
by insuring that the positive real part
of r2 is greater than the negative real
part of the output impedance. For
the condition
of

, the magnitude
is less than one for a passive

Consideration of Equation ( 15 )
shows that the whole r- plane can be
separated into two regions, one for
which the input impedance is positive
real and a second for which the input
is negative real. The regions can be
located by requiring to be less
than one. The solution for r2, separ-
ating the two regions, is given by the
equation of a circle in the r^ plane
where the center and radius of the
circle are

C.*

'— A
(27)

(28)

respectively, and C, = s-22

An example of the stable and po-
tentially unstable regions is indicated
in Fig. 3 where the shaded part or
inside of the circle corresponds to
those loads which provide a negative
real input impedance.

The region of the ra plane which
provides a positive real input imped-
ance is obtained as follows: if the
input impedance is positive real with
r2 = 0, and if the circle includes the
origin, then the inside of the circle
indicates a positive real input imped-
ance; whereas if the circle excludes
the origin, then the inside of the circle
indicates a negative real input. If the
input is negative real with r2 — 0, then
the converse is true.

In the same manner the load can be
assumed fixed and the stability in-
vestigated as a function of rL. The
same results are obtained with a cor-
responding stability circle defined by
Equations (27) and (28) with twos
replaced with ones.

* The generator rt and load rt are assumed

positive real in Equations (21) through

(23). For negative real loads or genera-

tors appropriate negative signs are re-
quired.
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The circles defined by Equations
(27), (28) and corresponding equa-
tion for the input plane (TI) were ob-
tained by setting ri = 0 and r2 = 0 re-
spectively. A simple intuitive argu-
ment can show that the circle in the
r2 plane is invariant to rx and the
circle in the i^ plane is invariant to
changes in r2. In particular, if the
input impedance is positive real, ,then
the input reflection coefficient has a
magnitude less than one; if the input
impedance is negative real, the input
reflection coefficient will have a mag-
nitude greater than one; both state-
ments are obviously independent of
the generator impedance, as long as it
is positive real. The converse is true
if the generator impedance is neg-
ative real.

The condition for a two port to be
absolutely stable can now be obtained.
A two port network is absolutely
stable if there exists no passive load
or generator impedance which will
cause the circuit to oscillate. This is
equivalent to requiring the two stable
regions to lie outside the unit circles
in the r, and r2 planes when the origins
are stable. This is satisfied if

\paz~ rs2|| > 1

(29)

(30)

and

s22

The stability circles would normally
be superimposed on the generator
(TI) and load (r2) planes, upon
which the constant gain circles have
already been constructed. The three
different degrees of stability are then
easily distinguished: first, if the two
unstable regions lie outside the unit
circles, the device is unconditionally
stable; second, if the unstable regions
lie inside the unit circles, but all load
and generator impedances are chosen
to lie outside these two regions, the
network is assured of having positive
real input and output impedances, and
stability is assured. The third situation
arises when T] or r2 are allowed to be
in one or both unstable regions. Then
negative real input or output imped-
ances exist, and it is necessary to make
sure the positive real generator or load
is sufficiently positive real to insure
a stable system.

It is also appropriate to point out at
this time that the section on stability
can quite readily be used to design
oscillators.

CONJUGATE MATCHED TWO PORT

The load and generator impedance
which simultaneously conjugate match-
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Fig. 4 — Contours of constant gain G1 and constant Isn'| indicating gain and match

obtained for various generators r1. |snj was taken as 0.867 at —45°.

es a two port can be expressed in terms
of the s parameters by solving the
air of equations which result when

l and s22' are both set equal to
zero.*

The solution of this pair of equa-
tions for T! and r2 provides the load
and generator impedances (rml and
rm2) which will simultaneously match
both the input and output ports.

nitude less than one is obtained from
Equations (42) and (43) using the
plus sign for BI negative and the
minus sign for Bj positive. On the

B,
other hand if

2C,
is less than unity,

then both solutions will have a mag-
nitude equal to unity.

B,

rml =
2|C1|

The condition

pressed as

> can be ex-

(42) (44)

= C2
B2±VB2

2-4|C2
where

20
(43)

1 J- I A |2_ o 2 — Ic I
K — _!. I n I — I

where

\^i Su

B2 = l+

s22

s22 Sll

HAP

HAP

C2 — s22— A su

Equations (42) and (43) give two
solutions for rml and two for rm2. Con-

B,
sidering the ith load if

2C,
is larger

(45)

The two solutions for rmi and the two
for rm2 result in two pairs of solutions
for a load and generator which simul-
taneously match the two port network.

The simultaneously matching pairs
can be summarized as follows: for
K < 1 both generator and load for

each pair have a magnitude equal to
one; for K > 1 and K positive then
one solution has both rml and rm2 less

than unity, then one solution will have
a magnitude less than unity and the
other will have a magnitude larger
than unity. The rmi which has a mag-

* The matched generator and load can also

be obtained readily from GA
f(rmi) — 0,

and G'(rms) = 0.
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Fig. 5 — plot of s,, vs. frequency for a transistor in common base showing fre-

quency ranges over which the input is positive and negative real with 50 -- on

the output. Where the curve is dashed, the real part is read off as negative.

Any generator placed on the device which lies outside the shaded region provides

a total positive resistance at all frequencies. The circles indicate contours of

constant gain at 1.6 GHz.

Fig. 6 (a) — Set of curves giving the

radii of constant power gain circles

as a function of the load |r,mj with

km as a parameter. This set of

curves provides circles of positive

power gain for K > 1.

Fig. 6 (b) — The curves shown for

various values of |Km| ;> 1 can be

used to obtain constant power gain

circles on the r.,"1 plane. This graph

gives the radii of stable power gain

for the case

tive.

K >1 and K nega-

than one and the other solution has
both greater than unity. For K| > 1
and K negative then, both solutions
consist of one rt > 1 and the other

ki < i.
The condition that a two port net-

work can be simultaneously matched

May, 1967

with a positive real generator and
load* is therefore given by

K > 1 (46)

Equation (45) for K is invariant to
changes in load and generator imped-
ance, and is given in terms of the h

parameters by

T/"

2(Reh11)Re(h22)-Re(h12h21)

|hi2h2il

= k7 = C-1 (Linville factor)

(47)

If |K| > 1 then

|(K±VK2-1)|

(48)

|s12
m|2 = |(K±VK2-1)|

(49)

where the plus sign applies when B! is
negative and the minus sign occurs
when B! is positive.

The physical significance of K is
stressed by repeating that (C-1 = k =
K) > 1 is the condition that a two
port can be simultaneously matched
by a positive real generator and load.
This is only a necessary condition for
absolute stability. A necessary and
sufficient condition for absolute stabil-
ity is K > 1 and BA positive.

POWER FLOW

Unilateral Case

In this section the feedback term
Sis is assumed to be sufficiently small
in some sense so that we can set it
equal to zero. The sense of being small
is defined later in terms of a trans-
ducer power gain error which results
when using the unilateral design.

For s12 = 0 we obtain the following
equation for GT

1-]
— GO GI G2

—r2s22|
2

(31)

Go is the transducer power gain given
by the original s2J parameters (for ex-
ample the measured GT). GI and G2

are contributions to the transducer
power gain due to changes in genera-
tor and loads respectively.

If and are less than one,
then Equation (31) attains a finite
maximum at TI = Sn* and r2 = s22*
which is given by

i 11
l« 'I 2 —I-*"! |u max i

= M.A.G. = Gu

(32)

Equation (32) can be expressed in

* The conditions under which a two port
can be simultaneously matched were given
previously in Reference 1.
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terms of the h parameters. The equiva-
lent expression is

1 C '
S21

|h2

4(Rehn) (Reh22)
(33)

In addition to Equation (32) for GU)

we also desire the gain for conditions
other than that of conjugate match.
The behavior of G(versus TI can be
obtained by letting

Gi = = constant

(34)

and solving for r-t. At this point it is
convenient to break the discussion into
two sections, Case 1, in which Su] <1
and Case 2, in which Su|>l.

Case 1

In this case the resulting expression
for Ti, the reflection coefficient of the
generator impedance with respect to
the complex conjugate of the reference
impedance,* is an equation of a circle
on a Smith Chart. The centers of the
circles for different gains are located
on a line through the origin and SH.*
The circle at TI — Su* of course re-
duces tj a single point. The location
of the center of the circle and the
radius of the circle are given by roi and
poi respectively. A circle of constant
gain also corresponds to an input re-
flection coefficient Sj / of constant mag-
nitude.

Defining a normalized gain

gi G,
(35)

the center and radius of each circle
and the magnitude of the correspond-
ng reflection coefficient

constant gt is given by
for

= center

(36)

where 0 < g! = • <1

Circles of constant gi are illustrated
in Fig. 4. The circle which goes
through the origin is always the zero
decibel circle for GI. In other words,
inside this circle Gi>l, and outside

Case 2

If values of |sn|>l are encountered
when measuring a transistor it is con-
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Fig. 7 — Return loss circles indicating constant gains G ,, or C ,., as a function of

fj01 or r,m respectively.

venient to place (sn'1)* on a Smith
Chart with a dotted line where Su >
1, and Sjj with a solid line for the
ranges where SH <1. Where the dot-
ted line occurs the resistance is now
read off as negative resistance. In both
cases the reactive part is read off as
given on the Smith Chart. As we shall
see this achieves two objectives. For
one, it makes the curves for the device
continuous on the inside of the Smith
Chart; second, it makes the design for
Case 2 correspond very closely to that
of Case 1. A Smith Chart plot for
Si i > 1 is given in Fig. 5 for a micro-
wave transistor.

The contribution to the total trans-
ducer power gain provided by GI is
again given by Equation (34).

The location and radii of constant
gain circles, as well as the correspond-
ing Si/, are given again by Equa-
tion (36) except that now

s2i'
2true is given by

where

1-x
(39)

(1-rjSn) (1—

The ratio of the true gain to the
unilateral gain is bounded by

Ic f\-ja21 I true
~~

1

(40)

We can define a unilateral figure of
merit u where

i I |2| l-i 2|

(41)

- co <g<0 (37)

and the maximum gain GI mai is now
infinite at

ri= [(s,,-1)*]*=si,-
1 (38)

As mentioned earlier, it is desirable
to know in what sense Si« is small, or
how adequate the unilateral design is.
The actual transducer power gain

u has the following physical signifi-
cance for Snl and s22\ less than one.
The ratio of the actual transducer
power gain to the transducer power
gain obtained by the unilateral design

* From now on ri will simply be called

the generator and the load. The actual

load and generator impedance are given

by Equation (20).
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is bounded by
1-u

and
fl+up

for any generator and load impedance
which have a magnitude equal to or
less than Sn andls22 respectively.

Transducer Power Cain, Power Cain and

Available Power Cain Referred to

Matched Generator and Load

If |K is greater than one, a particu-
larly simple design procedure will
evolve because the number of scatter-
ing parameters which occur in Equa-
tions (15) through (18) is reduced
from four to two by definition. With
matched load and generator imped-
ances on the network, the matched
scattering parameters sm are given by
Sum = s22

m = 0 and

where

Ar- [l-(fim)*] (1~

A m —
2 —

1—rin

] (1- r2
m2)1/2

The Linville design,8'0 with transducer
gain a function of the load but keep-
ing the input matched (Gt = G) for
each value of the load, is obtained
simply by requiring* that Sn' = 0.
This is satisfied if

m c m\ # (59)

The new set of scattering par-
ameters for the matched input is now

Si2m =
[1— rml

 2]

o m —
B21

where rml and rm2 were given pre-
viously by Equations (42) and (43).

The scattering parameters s' can now
be expressed as a function of arbitrary
load and generator impedances r^™1

and r^m which are referred to the
matched impedances rml and rm».

-rml Sn) ( 1 -rm2 s22) — rml rm2 s12 S21]
2]

(50)

(51)

a function of only r2
m, the load, and

is given by

(60)

(61)

7
f-'\

m4-7 *-,]_ ~A*nii

7 mJ-7 *
*->2 ~*jma

(52)

(53)

Zmi is equal to the matched generator
impedance, and Zm2 is the matched
load impedance. On a Smith Chart
Zjm is obtained from r.im by reading
off the coordinates, multiplying by the
real part of Zml, and adding the ima-
ginary part of Zmi, in particular.

where

Km =

= RB11r-H(Rml (54)

where r and x are the Smith Chart
coordinates. The constant conductance
and reactance coordinates of the Smith
Chart are still preserved in Zt

m.

The new s' parameters for arbitrary
load and generator are now givert by

The transducer power gain indicated
by Equation (62) can be expressed
as the product of two terms; one a
constant, the matched gain, Gm, and
the second, Giin2, a function of the
load r-m.

If K > 1 and Km < 1 (Bi pos-
itive) the device is unconditionally

^m (l-r1
mroms,2

ms2i
m)

A mi
m c mc m"\-

A2
m (I — r!m r2

m s12
m s2l

m)

/- (A2
m

)* [-(ra
m

)*+r1
m

sig
m

sgl
m

]

A2
m ( 1 — r!m r2

m s12
m s2l

m)

(55)

(56)

(57)

(58)

stable, and constant power gain circles
for Gim2 concentric with the origin
can be constructed. Any circle other
than the origin represents a gain which
is less than the gain obtained under
the simultaneous matched conditions.
The radius of a circle for a given
gain is

1-J
1- K (65)

where

" gm (66)

and 0 < gm < 1.
For K > 1 and Km > 1 (Bi nega-

tive), the device is potentially un-
stable and the transducer power gain
under matched generator and load
represents the minimum power gain
obtainable under matched input con-
ditions. Constant gain circles can
again be constructed in the r2

m plane.
The circles are again concentric with
the origin. The radius of the circle
in this case is also given by Equation
(65) but now gm goes to infinity at

1
KM1 (67)

and the network is potentially unstable
outside of this region.

For K > 1 but K negative, stable
gain is obtained only for Km > 1
(Bi positive) and only for

A2m (1_ r2mKm|2)

(62)

d-r2") / i-Km
2 \r

|Km

•] (63)

The gain Gm' is a function only of
the magnitude of r2

m, the load, and it

is therefore possible to display
Gm

as

a function of r2
m with Km as a par-

ameter. If on this plot the load co-
ordinate (r2

m) is physically equal to
the radius of a standard Smith Chart,
and the vertical scale is specified in
decibels, then the constant gain circles
for a given K,n can be located on
the r- plane [Fig. 6(a) K > 1, Fig.
6(b) K< -1].

With Equation (57) it is also pos-
sible now to display the transducer
power gain for any load and any gen-
erator by means of two universal sets
of curves. The transducer power gain
Equation (57) can be expressed as
the product of four terms.

May, 1967

* The available power gain GA can be

treated in a manner parallel to that which

follows jor C by setting |j£2'j = 0.
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— Gm Gim G2 (68)

Gm is the matched gain, Glm is a func-
tion of only the generator r!m, G2m is
a function of only the load r2

m, and
Gi2m is an interaction term between
the generator and load.

G2m=(l-|*2m|8)

— r m r. TI r2

(69-)

(70)

(71)

(72)

Equations (70) and (71) simply
represent constant return loss circles
on the T!™ and r2

m planes and are
therefore universal (Fig. 7). Constant
gain circles represented by Equation
(72) are given in Fig. 8 where the
position from the origin is given by
f = r m r m KM r2 "-m-

For |K I < 1 the transducer power
gain can still be given by the universal
curves of Figs. 7 and 8. To accomplish
this, the scattering parameters are nor-
malized to T! = Sn* and r2 = S22*.
The transducer power gain is then
given by the product of four terms
similar to Equation (68). The vector
f to be used in Fig. 8 is now the sum
of three terms.

Constant power gain and available
power gain circles are given in the
next section for any value of K in-
cluding JK| < 1.

Power Cain and Available Power

Cain in General Case

A constant power gain G and avail-
able power gain GA, Equations (22)
and (23), give the equation of a circle
on the r2 and TI planes respectively.

Equations (22) and (23) can be
expressed as

(73)G = g2

GA = |s2i|
2 gi (74)

where

and gi is given simply by interchang-
ing the indices 1 and 2. A discussion
of one, g2 in this instance, then suffices
for both g2 and glf

The radius and location of a con-
stant gain circle for g2 is given by

©

o
Fig. 9 — The six

possible locations

for the instability

circle in the out-

put plane. The

shaded regions in-

dicate the values

of r which pro-

vide a negative

real input- impe-

dance for |su|

< 1. Also indi-

cated on the fig-

ures are the signs

of the power gain

in the various

regions. The cir-

cles of equal size

for all cases are

the unit circles

(inside the Smith

chart) for r2;

outside of this

circle r, is nega-

tive real and in-

side positive real.

(A)

(B)

(0

<A'J

IB')

(Cx)

9(A)

Input unconditionally stable; simultaneous

matched load positive real. r2">| < 1;

k > 1; D2 positive; km < 1.

9(B)

Input potentially unstable; simultaneous

matched loads positive real. [r2J < 1;

k > 1; D2 positive; km ;> 1.

9(0

Input potentially unstable. lraj = l; |k|<l;
D, positive.

9{A')

Input unconditionally stable; simultaneous

matched load positive real. Ir2m] < 1;

k > 1; D2 negative; km < 1.

9(B')
Input potentially unstable; simultaneous

matched loads positive real. |r2J < 1;

k > 1; D2 negative; kra > 1.

9(C')
Input potentially unstable. |r2m[ = l; |k|<l;

D2 negative.

(76)

(1- Sii
2) + ra

1 — |r2
2(]s22

2

2HAl2)-2Rer2C2

Pg
_(1 — 2K|s12s2 |s12 s21|

2 g2
2) 1/2

U+D2g2)
(75)
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respectively, where

D2 - s22
2HA|2 (77)

For g2 = oo the radius pg and location
rg reduce to the stability circle in the
r2 plane.

The gain at which ps = 0 is of in-
terest and is given by

gao -
1312 3211

(78)

It is very informative at this time
to give the six different possible loca-
tions for the stability circles, since their
location indicates the general nature
of the constant gain circles. Fig. 9
corresponds to an If sn

then the shaded and unshaded regions
simply change roles. The primed and
unprimed cases are physically the same
and just correspond to a positive or
negative D2. The three pairs of cases
correspond to these separate physical
situations: In case A the device is un-
conditionally stable, the matched loads

t h e crowave journa



IS,,St,l

Fig. 8 — Constant

gain circles giving

contribution to

total transducer

panel gain due

to interaction term

Ci2m as a func-
tion of the gen-

erator r^, the

load r. m and the

device km.

Fig. 10 — Constant

gain circles <g.,>

for a set of s

parameters which

satisfy case C of

Fig. 9. Cain g2

is given as a nu-

merical ratio, not

in dB. Circles

are plotted on the

r2 plane. sn —

0.707/0°;s22 =

0.707^/0°; s,2

s,, = 02 /0°.

Fig. 11 — Constant

gain circles for

case B' of Fig. 9.

The inside of the

heavily lined cir-

cle provides posi-

tive real input

impedance, s,, —

-0.707; $22 =

0.707; s12 •„ =

1.2; rm2=(3.53,

0.287).

are positive real and g2o is a maximum
gain; for case B the loads are positive
real but the device is potentially un-
stable and g20 is a minimum gain; the
third case C corresponds to a poten-
tially unstable device and also to the
situation where the matched loads are
pure imaginary and g20 is complex.

The sign of G is also given in Fig. 9
for the different regions. Equations
(22) and (23) are valid for fr, < 1
and |r2| < 1 only and it is necessary
to return to the original definition to
obtain the correct signs.

If |K| > 1 (case A, B) then con-
stant power gain circles can be ob-
tained from the previous section with-
out having to calculate their radii and

May, 1967

location, but if K < 1 (case C) that
procedure fails and it is necessary to
use Equations (75) and (76).

An example of the constant gain
circles for both case B' and C is given
in Figs. 10 and 11.

As indicated previously, to realize
(Gt = G), it is necessary to place the
proper generator impedance on the
input for each r2. The proper value
is given by

* — sii —ra A
" l-r2s22 (79)

CONCLUSION

It has been shown that a two port can
be analyzed completely in terms of an

easily measured set of parameters> "the
generalized scattering parameters." In
the first section the generalized scat-
tering parameters were presented and
fundamental power flow relations de-
veloped. In the section on power flow,
an analysis of power flow was given
for the case when Si« is sufficiently
small so that it can be neglected and
the unilateral design is formulated.
This leads to the case in which s12 is
not assumed zero and general power
flow relations are obtained and dis-
played in unique and very informative
graphical form. Closely tied to power
flow are questions of stability which
are also thoroughly discussed.

The potential use of these par-
ameters has only been touched on;
some work that is under way deals
with the set of equations similar to
Equations (26) - (29) for a three port
network. For example, a transistor
which has Z,, on all three leads can be
defined by an easily measured (3x3)
matrix. From these original 9 values
all 12 s parameters for any two port
configuration is given by a single equa-
tion using different sets of 4 of the
original 9 matrix elements.

Possibly more importanr is the fact
that the rwo port, parameters for any
configuration and a common lead feed-
back, are also then given by an equa-
tion of the same form but which in-
cludes the feedback impedance.

The practical use of the measure-
ment system also seems unlimited.

ACKNOWLEDGMENT

The author wishes to express his ap-
preciation to everyone who assisted in
preparing and editing this manuscript.
Particularly Sydney Ncih, Ross Snyder
and the late George Frederick for their
technical assistance; also Roseanne
Caldwell and Mee Chow among others
for preparing the manuscript.

REFERENCES

1. Kurokawa, K., IEEE Trans. - MTT,
March 1965, p. 194.

2. Penfield, P., Jr., "Noise in Negative
Resistance Amplifiers," JRE Trans. • CT,
Vol. CT-7, June I960, pp. 166-170.

3. Penfield, P., Jr., "A Classification of
Lossless Three Ports," IRE Trans. • CT,
Vol. CT-9, September 1962, pp. 215-
223.

4. Youla, D. C., "On Scattering Matrices
Normalized to Complex Port Numbers,"
Proc. JRE, Vol. 49, July 1961, p. 122.

5. Hower, M. M., 1963 1SSCC Digest of
T.P., p. 90.

6. Stern, A. P., "Stability and Power Gain
of Tuned Transistor Amplifiers," Proc.
IRE, Vol. 45, March 1957, pp. 335-343.

7. Rollett. J. M., "Stability and Power
Gain Invariants of Linear Two Ports,"
JRE Trans. - CT, Vol. CT-9, March
1962, pp. 29-32.

8. Linville, J. G. and L. G. Schimpf, Bell
Systems Tech. Journal, Vol. 35, July
1956, p. 818.

9. I-inviIIe and Gibbons, "Transistors and
Active Circuits," McGraw-Hill Book
Co., Inc., New York, 1961.

6-9



SECTION VII

CIRCUIT DESIGN AND CHARACTERIZATION OF
TRANSISTORS BY MEANS OF THREE-PORT

SCATTERING PARAMETERS

This article defines the three-port parameters of a
transistor with or without arbitrary terminations in
the transistor leads. Dr. Bodway then relates the
three-port parameters to the more familiar two-port
parameters for common emitter, base, and collector.
He next shows that all the two-port equations have a
similar form and can be mapped into constant gain
circles on a Smith Chart. The variation of two-port
parameters, specifically for a common emitter con-
figuration, is analyzed with respect to series or shunt
feedback. Finally, he describes the equipment used
to measure three parameters of transistor chips.
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INTRODUCTION

There are two requirements for the effective use of
transistors, solid-state devices, and passive components.
First, their characteristics must be precisely measured;
second, a design capability must exist in terms of the
measured quantities. Scattering (s) parameters satisfy
these requirements from both a measurement and design
point or view. They are particularly useful in the
microwave frequency range.

Ordinarily, s-parameters of an active three-terminal
device are determined by two-port measurements, con-
necting the common lead to ground. Unfortunately,
the physical length between the device and the ground
plane usually introduces a serious parisitic common-
lead inductance, especially if the spacings are made large
enough to obtain a very accurate 50-ohm system. The
same reason that scattering parameters are measured at
high frequencies (i.e. because accurate shorts and opens
are difficult to achieve at these frequencies) necessitates
measuring three-terminal parameters and thus, reducing
considerably the errors due to this parasitic common-
lead inductance.

Three-port admittance or impedance transistor para-
meters have been discussed before,1 but they have never
been as useful or as desirable as the three-terminal scat-
tering parameters at microwave frequencies. When
making three-port measurements, all three ports are
terminated with 50 ohms. Bringing three 50-ohm trans-
mission lines up to the device eliminates the common-
lead inductance, ensures accurate reference planes, and
results in a very stable measurement system. (Four-port
measurements can be made in the same way for 1C
transistors where the substrate is the fourth terminal.)
A 50-ohm termination also approximates the final cir-
cuit environment more closely at microwave frequen-
cies than the open or short terminations required by
h, y, or 2 parameters.

This paper discusses the theory of three-port scatter-
ing parameters and shows how previously complicated
design procedures can be performed very simply in
these terms. For example, all of the two-port para-
meters in any common configuration (CB, CE, CC)
with any series feedback and any shunt feedback can
be determined by using one single transformation and
one matrix transformation. The two-port parameters
with series feedback are related to the 9 measured quan-
tities by 12 equations all identical in form, that is, the
equations look alike. They only use different variables
and consequently, only one equation has to be solved.
Having only one equation to solve has been a tremen-
dous help in tying a small desk top computer into the
measurement system for instantaneous device characteri-
zations and circuit design.

THREE-PORT SCATTERING PARAMETERS

Parameters for the three terminals of a transistor are
shown schematically in Fig. 1, where the three terminals
are all referred to a common ground. The incident and
reflected power waves2 can be represented by the three-
port scattering matrix

S12 Sis

S22 823

832 833
(1)

where s(j
 2i ^= } represents the transducer power gain

from port j to port i, and s^ 2 represents the available
generator power that is reflected from the device at the
ith port.*

The measured parameters are referred to the charac-
teristic impedance of the three transmission lines that
terminate the device. To be of universal use, the para-
meters for arbitrary termination of the transistor leads
are required as a function of these arbitrary termina-
tions and the original measured parameters and arbi-
trary reference impedances. The expression for the new
scattering parameters is given by

' = A-1(S-rt)

where (2)
fi*)

(1- ri 2)l/2 istheii*

element in a diagonal matrix.

and

Z,

*, rt — transpose of the diagonal matrices
A, F, respectively.

(3)

The nine new scattering parameters in terms of the
original parameters and arbitrary reference impedances
are given by

s/11= — r3s33)

T~ r2r ~T

(4)

* For a detailed consideration of the physical interpretation oj
sij, see References 2, 3 and 4.

May, 1968 7-1



A2*Si/ = ^FTT~(I — |ri|2) [s1=(1—ras38) +r8Si3s32]

:Z0

Fig. 1 — Incident and reflected waves (a, b respectively) for

a transistor imbedded in a structure where all three leads

are terminated by the characteristic impedance Z0 of a

transmission line.

(5)

where

— I TiSn r2$22 13833 ""f^j^ \SnS22 !

1^ 1^3 (811833 812821) \^)

(7)L\Z3 — S22S33 523832

The other seven expressions are obtained by exchanging
the indices on the above equations.

Although the set of equations represented by (4)
and (5) can be used for computer analysis, it is un-
wieldy to manipulate and does not convey very much
insight into what is taking place. A far more useful
and rewarding approach has been to leave two of the
ports terminated by Z0 and allow the third port to be
arbitrarily terminated. The two-port parameters are
obtained in this manner by treating the common lead
as arbitrarily terminated in a series impedance different
than Z0. The maximum available gain, isolation, sta-
bility and other characteristics are simply related to the
two-port parameters and thus, can be evaluated as a
function of this series lead impedance.

To avoid any confusion with indices, an obvious con-
vention has been adopted for labeling the three-port
scattering parameters for a transistor:

s =
Sbc

(8)

where, for example, sbb is the driving point reflection
coefficient of the base with the emitter and collector
both terminated by Z0. Similarly, scb is the transducer
power gain for the collector port when driving the
base. scb is of particular significance for a device, being
similar to h2i when using h-parameters and to s2i when
considering two-port s-parameters. The frequency at
which scb goes through 0 dB is defined as fa and repre-
sents a minimum value for fmax. The other parameters
have similar meanings.

The nine elements of matrix (8) are not all inde-
pendent because we are considering a three-terminal
device. In fact, there are only four independent para-
meters; if these are known, the others can be found,
being related by the condition:

Fig. 2 — Incident and reflected waves for a transistor in

common emitter configuration with an arbitrary impe-

dance Z(. in the emitter lead. (9)

This relation follows from a similar relation for the
y-parameters where

3

z
(10)
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for example,

Scb ~ 1 Seb Sbb* (11}

From Equation (4) it is now possible to obtain the
expressions for the two-port parameters, with any feed-
back element as a common-lead impedance. See Fig. 2.

Obtaining Two-Port Parameters From

Three-Port Information

The two-port parameters for the three possible con-
figurations are given by three sets of Equations: (12a),
(12b), and (12c).

Common Emitter

+

Sre Sbc T

_
— Sbb T

•— se — se

i_
Sec '

— Se — se

(12a)

Common Base

Sfb = See +

+

= See +'

_
Scc i

Sbb

(12b)

If TJ is replaced with — ], this is the same as grounding
the common lead; consequently the above series of
equations give the normal two-port parameters.

Before discussing the properties of Equation (12)
series, several interesting observations can be made.
First, it has been recognized previously that the gain
in the common emitter configuration can be increased
by adding a capacitor in series with the emitter. It can
be shown from typical data for see that when Ze is
capacitive, |(l/re)-see can be made a minimum, and
sfe attains a maximum value. The disadvantage is that
the other parameters also increase; in fact, sie and s2e

(the input and output reflection coefficients in common
emitter configuration) become greater than unity and
the device is very unstable.

It can also be observed from typical data that an
inductance in the common-base lead will usually cause
|l/rb)-sbb to diminish and the common-base gain to
increase.

Another application of the equations is to find a
common-lead impedance which will minimize the re-
verse transducer power gain. For example, the value
of rb which makes srb = 0 is given by Equation (13)
and a similar expression holds for the other two con-
figurations.

rb = (13)

Common Collector

If the magnitude of rb < 1, then the element is passive
and a neutralized device can be obtained.

We have touched briefly on some special applications
of Equations (12). Because of the relative simplicity,
a considerable amount of information can be obtained
very quickly, particularly if the significance of the two-
port parameters, with respect to desired circuit response,
is kept in mind. The accuracy of the derived two-port
parameters for a given accuracy in the original meas-
ured parameters can also be monitored easily.

Properties of Equation (12)

Equations (12a, b and c) are all of a single form
which we can express as

s = a + (14)
— c

Src — Sbe ~T

•where

— sc

(12c)

where a, b and c are related to the measured three-
port parameters. Equation (14) is a complex equation
relating the variables s and r; it is a standard equation
in complex variable theory. Manipulating Equation (14)
shows that the relationship between r and s is a bilin-
ear transformation:

ij— Z0

i + Z0*
 -

_ a + r (b — ac)
1 — re (15)
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There are two ways of looking at Equation (14)
for s as a function of r. One is similar to that con-
sidered for the two-port transducer power gain. In
this case, we can display circles of constant magnitude
of s on the r plane. For s,e, those are common emitter
constant-gain circles as a function of the common-lead
impedance instead of the load or generator. The radius
ana center of the constant-gain circles are given by
(16) and (17) respectively:

(16)

(17)

where

= s

f=cg2 +a*b

The other way to handle Equation (14) is to map
the r plane onto the s plane. It is well known that,
for the bilinear transformation, circles on the r plane
map into circles on the s plane. This is significant since
it means that the Smith Chart for the r plane can be
mapped onto the s plane, giving both the magnitude
and phase of s for each complex value of r. Precision
depends only on how many circles are mapped onto the
s plane. This technique gives an exceedingly broad
picture of what is going on.

SHUNT FEEDBACK

Not only can the effects of a common lead impedance
be characterized by the set of Equation (12), but also
shunt feedback can be handled in precisely the same way.

All three leads in the three-port measurement system
are referred to a common ground through a charac-
teristic impedance 2^, The parameters measured form
the three-terminal scattering matrix. It is then possible
to make a simple transformation to a new 3x3 scat-
tering matrix where the ports are referred to one an-
other (Fig. 3).

The two-port parameters with any shunt element in
any configuration are then given by the same trans-
formation as the series case [Equation (12)]. The
series and shunt feedback transformation can be com-
bined resulting in the analysis of very complicated
circuits.

APPLICATIONS OF THREE-PORT

SCATTERING PARAMETERS

An example of the use of the preceding three-port
transformation will be described in order to demon-
strate the capability and usefulness of the approach. The
example chosen, because of its wide applications, will
show how the two-port common emitter parameters
at 1 and 2 GHz vary with either series or shunt feed-
back elements.

Fig. 4 is used as a reference for the mapping of
circles from the r plane to circles in the s plane. For
example, Point 1 is a short circuit and the values of
the transformed parameters that occur at Point 1 are
those that exist with a short as a series or shunt element.

Fig. 3 —- A three-terminal device imbedded in a network
which can be used to readily evaluate the effects of
shunt feedback.

Fig. 4 — Points on the r plane (r defined by Equation 3)
identified for location on the s plane for the series and
shunt mapping. Note the circles which go through 1-6,
2-6, 3-6, 4-6 and 5-6 are constant r circles, while those
through 7-6, 8-6, 9-6 and 10-6 are constant inductive
reactance circles and the corresponding circles through
11-6, 12-6, 13-6 and 14-6 are capacitive reactance
circles.
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The graphs 5 through 8 display how the above theory
can be applied to synthesizing the performance of
transistor circuits. The example given is for a micro-
wave small signal transistor with an ft of about 4 GHz
and an fmax of about 6 GHz. The transformation for
1 and 2 GHz for series feedback are given by Figs. 5
and 6 and for shunt feedback by Figs. 7 and 8.

Figs. 5 through 8 have a very general nature, in
that, essentially all high frequency, small signal tran-
sistors behave similarly. Some of the information con-
tained in Figs. 5 through 8 will be discussed in order
to provide examples of the meaning and use of the
graphs as well as to point out some of this general
information.

Common Emitter Configuration With Series Feedback

Let us see what happens to slE or the input impedance
as the common lead impedance varies (Figs. 5a and
6a), Point 1 represents a short circuit and the result-
ing input reflection coefficient is that of the grounded
common emitter stage. As resistance is added in the
emitter (moving from Points 1 through 6) slE moves
essentially on a constant resistance line of a few ohms
in the direction of increasing series capacitance. Simi-
larly increasing inductance (Points 1, 6, 7, 8, 9, 10)
results in essentially an increase in the real part of the
input impedance; the reactance, being relatively con-
stant.

In the case of s2E (Figs. 5d and 6d) the effect is
more complicated; the magnitude of s2E increases with
increasing L, R or C. With inductance or resistance
in the emitter, the output impedance becomes more
capacitive and, for values of R less than Point 4, the
real part decreases while it increases for inductive loads.

The transducer power gain in a Z0 system s2E - de-
creases for either a resistor or inductance in the com-
mon lead. The effect is less at higher frequencies for
a given device; for example, a resistance indicated by
Point 4 results in a gain which is the same at both 1
and 2 GHz. The very serious effect small inductances
can have at high frequencies could be illustrated by
evaluating the drop in gain if, for example, a 100
mil lead length were used with this chip. This would
correspond to about 12.5 ohms of inductance, or just
past Point 7 at 1 GHz (Fig. 5b), and 25 ohms on Point
8 at 2 GHz (Fig. 6b). The drop in gain is significant.
The effect is, of course, much more serious as you move
up in frequency to the 4-6 GHz range which is the
present practical limit for useful transistor operation.
A capacitive emitter impedance, in general, increases
the transducer power gain, but also causes an increase
in slx and S22 resulting in instability. Notice also that
there does not exist a positive real value of impedance
which will neutralize the device at 1 or 2 GHz.

Common Emitter With Shunt Feedback

In this case Point 6 (Figs. 7 and 8) or an open circuit
corresponds to the grounded emitter configuration. The
values for the parameters obtained with an open shunt
impedance (Point 6, Figs. 6 and 8) should, of course,
be identical to that for a short circuit emitter series
impedance (Point 1, Figs. 5 and 6).

The input impedance slE is relatively independent
with either capacitive or resistive feedback (Figs. 7a
and 8a). This is because of the low input impedance
into the device. The value of slE is much more sensi-
tive to inductive shunt feedback as indicated by moving
from an open circuit Point 6 through Points 10, 9,
8, 7 and 1 corresponding to lower values of inductive
impedance.

s2i
2, the transducer power gain, decreases with re-

sistive or capacitive shunt feedback. For example, a
collector base capacitance of 1.5 pf causes a drop in
gain from Point 6, Figure 7b, to Point 14 and a drop
to Point 13 in Fig. 8b. Also the effect of reducing the
collector base capacitance, for example, by reducing
the base pad size can be easily ascertained. As induc-
tive shunt feedback is added, the gain increases to very
large values until very small values of inductance are
reached when the gain begins to drop approaching
essentially zero with a short circuit.

The reverse gain s12 increases with any shunt feed-
back. It changes a relatively small amount for capaci-
tive or resistive feedback, but changes more drastically
for inductive feedback.

Point 5, (Figs. 7b and 8b, 100 ohms) gives a gain
!2 of about 5 dB at 1 and 2 GHz with about 15

to 10 ohms of input impedance with 45-60 ohms of
output impedance and a low reverse feedback s12 < 0.2.
More gain could be obtained over this frequency range
by using inductive peaking in the shunt feedback.

The same gain, about 5 dB, can be obtained at both
1 and 2 GHz with about 50 ohms (Point 4) of series
feedback (Figs. 5b and 6b).

In this case the input impedance is about 10 ohms
but with about 60 ohms to 30 ohms of capacitive reac-
tance (Figs. 5a and 6a). The output impedance is 10-
20 ohms with 60-150 ohms of capacitive reactance. The
reverse feedback goes from 0.2 to 0.4. Additional gain
can be obtained with capacitive series peaking.

This technique has been exceptionally useful in ob-
taining a thorough understanding of the behavior of
small signal devices in amplifier and oscillator circuits
from low frequencies to the very highest frequencies
at which transistors will presently operate. The tech-
nique has been used to advantage as an initial or rough
synthesizing tool and also as a precise and general
analysis technique for very complex circuits.

Although not illustrated, these transformations are
particularly well suited for considering distributed im-
pedances. For example, a transmission line terminated
by a lumped element is represented on the r plane as
a circle about the origin with frequency. This circle
also maps onto the s planes as a circle.

Three-Port Measurement System

The three-port measurement system is just an extension
of the two-port system, but what we will describe here
in detail is the unique three-port broadband system for
the measurement of unbonded transistor chips.

A schematic of the system is shown in Fig. 9 and
photographs of the actual setup in Figs. 10, 11, 12,
13 and 14. The signal is directed incident on one port
and measured reflected from this port and transmitted
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out the other two ports. Next the second port is driven
and then the third, resulting in the measurement of the
9 scattering parameters. The switching of the signal
and measurement ports is controlled by electrical sig-
nals triggered either manually or by a computer. The
signals are detected by a sampler and compared against
a reference. The resulting output is displayed on a
polar chart, oscilloscope, etc., or can be fed directly to
a computer.

Transistor chips are presently being measured on a
production basis for use on hybrid integrated circuits
on this equipment. A chip can be measured from 0.1
to 12.4 GHz on this equipment. Almost any informa-
tion about the device can be obtained; fmaz' S2i|2> etc.,
or performance in an amplifier or oscillator. This in-
formation can also be obtained as a function of the
dc bias conditions. The loading, testing, calculating,
unloading and sorting can be done routinely in less
than 2 minutes per device. The device is then ready
to be bonded down on a microcircuit. It is assured
not only that the device will work but that the circuit
will perform as required with a very high yield even
with many devices per circuit.

CONCLUSION

A practical and accurate technique for measuring un-
bonded transistor chips from 0.1 to 12.4 GHz has been
described.

In order to accomplish this, a new set of parameters,
the three-terminal scattering parameters for a transistor,
are utilized. Not only can the conventional two-port
parameters be obtained simply from the measured quan-
tities, but also the paper shows how the effect of adding
a series or shunt impedance to the device can be obtained
mathematically by using a simple extension of the basic
equation involved.

The data for a conventional microwave transistor is
utilized for showing how a mapping technique can be
applied which shows visibly at a single glance, at a

particular frequency, the effect of adding any series or
shunt feedback element. The data and general effects
shown are typical of any microwave small signal tran-
sistors and the many figures shown are therefore of
general use for reference information.

The equipment used to accomplish the measurement
of transistor chips is described including a description
and pictures of the techniques used to make contact to
the transistor chips.

In this paper and one previously published, the foun-
dation has been laid for the precise measurements of
transistor chips in terms of useful microwave parameters
as well as describing powerful design tools particularly
but not limited to the precise but simple design of micro-
wave hybrid thin film circuitry. The utilization of this
material in designing microwave circuits such as oscil-
lators and amplifiers will be described in forthcoming
articles.
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12

Figs. 5a, b, c and d - Common emitter series feedback impedance mapped onto
the s-parameter planes at 1 GHz. The shaded regions correspond to
inductive impedance while the colored areas are capacitive.
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2000MHz
SIE

Figs. 6a, b, c and d — Common emitter series feedback impedance mapped onto
the s-parameter planes at 2 GHz. The shaded regions correspond to
inductive impedances while the colored areas are capacitive.
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1000MHz
SlE

Figs. 7a, b, c and d — Common emitter shunt feedback impedance mapped onto
the s-parameter planes at 1 GHz. The shaded regions correspond to
inductive impedances while the colored areas are capacitive.

7-9



7 11
1213

Figs. 8a, b, c and d — Common emitter shunt feedback impedance mapped onto
the s-parameter planes at 2 GHz. The shaded regions correspond to
inductive impedances while the colored areas are capacitive.
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Fig. 12 — This is a close-up view of the fixture used for
measuring chips with the cover removed for loading.

* son . .
• N •

Fig. 9 — Schematic of the rf system used to make the three-
port measurements.

Fig. 13 — This is a close-up picture of the fixture. The
three center conductors can be observed converging at
the center.

Fig. 10 — This is a photograph of the first system built to
measure the three-port scattering parameters of tran-

sistor chips.

Fig. 11 — This figure shows the system in more detail.
Apparent in the photograph is one of the phase shifters,
bottom, the sampler on the left, a microscope at the top,
a positioner for making contact to the transistor, right,
and the three signal ports terminating in the transistor
chip fixture in the center.

Fig. 14 — This photograph was taken through a microscope
and shows one center conductor making contact to the
collector (plated gold on the back of the chip) and the
base and emitter contacts. This device has contact pads
of about 1 mil on a side. Devices with pads 1/2 mil
on a side are handled routinely.

May, 1968 7-11



APPENDIX

MEASURING S PARAMETERS

Today's interest in s parameters results from the
ease with which these vector quantities are measured.
One of the standard circuits for measuring s param-
eters of transistors consists of two dual directional
couplers, two biasing tees, and a fixture to hold the
transistors. The operation is quite straightforward.

Consider the circuit shown below.

A B C D

\j ) RF
XSOURC

\f
t

,E BIAS
TEE

DI

n
DUAL

RECTIONAL
COUPLER

DEVICE
UNDER
TEST

DI

It
DUAL

RECTIONAL
COUPLER

]

BIAS
TEE

50ft ;
LOADJ

s = 5 16 - 6
11 A / TB ^A

The RF source sends a signal down the 50ft system
toward the test device (transistor). The signal out of
A is proportional to the signal incident on port 1 of the
test device. The signal out of B is proportional to the
signal reflected from port 1, and the signal at C is
proportional to the signal transmitted through the test
device and out of port 2. The 50ft system on the port
2 side is terminated in the 50ft load. As a result, the
signal at D is zero because none of the signal out of
port 2 is reflected back at the test device.

The ratio B A is the magnitude of sn, and the phase
difference between B and A is the phase of sn. Like-
wise, C and A determine S2i- Either the 8405A Vec-
tor Voltmeter or the 8410A Network Analyzer is used
to detect these coupler outputs.

Similarly, the setup shown below measures 3^2
S22- The major difference between these two setups
is that the 50ft load and the RF source have been inter-
changed.

A B C D

[so^T
[LOAD

\f\\ T
j ( DEVICE

UNDER
TEST

^ <J, DUAL
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HP 8410

NETWORK

ANALYZER

HP84I4A

POLAR

DISPLAY

HP 841IA
HARMONIC
FREQUENCY

CONVERTER

TEST REF

HP 8745A

S-PARAMETER TEST SET

These circuits can be constructed from individual com-
ponents or supplied in a single box. When the circuit
is contained in a single box, the tedious job of con-
necting coax circuitry disappears, and s-parameter
measurements can be made by pushing a button. This
is the case with the HP 8745A S Parameter Test Set.

The figure below shows diagrams of two different s
parameter systems.

HP 8717A

TRANSISTOR

BIAS SUPPLY

HP 8690A I HP 8699B

SWEEP ' SWEEPER
OSCILLATOR1 PLUG-IN

IO.I-4GH2
I
I
I

HPM600A/II602A
TRANSISTOR FIXTURE

HP 8405A
VECTOR

VOLTMETER

A B

TEST REF
HP 8745A

S-PARAMETER TEST SET

HP908A
.COAX
TERMINATIONS

HPII536A
- 50 OHM TEE

.HPN524A
APC-7/TYPE N
FEMALE ADAPTER

HP 87I7A

TRANSISTOR

BIAS SUPPLY

HP 3200B

VHF OSCILLATOR
AND

HP I35I5A
FREQUENCY

DOUBLER PROBE

HPII600A/II602A
TRANSISTOR FIXTURE

The first system makes swept-frequency measure-
ments from 110MHz to 2 GHz using an 8410A Network
Analyzer. The minimum transistor drive signal re-
quired by this system is 22.5 mV.

The second system makes single-frequency measure-
ments using the 8415A Vector Voltmeter. The vector

voltmeter is more sensitive than the network analyzer.
The minimum transistor drive signal required by this
system is 5 mV. This additional sensitivity will com-
pensate for coupler rolloff in the s parameter test set
below 100 MHz. As a result, this system can be used
down to 14 MHz and still preserve the same transistor
signal levels required by the network analyzer system
at 110 MHz.
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Cable HEPAK Bobnnftn
Telei 72 6S 719 bbn

Hewlett-Packard GmbH
Vtrlritbibiiro Ou)»ldorl
Voielsanier Wtf 31
0-4000 Duillldirf
Tel i0211 63 lo 11 15
Telti 15/16 533 hpdd B

Hewlett-Packard GmbH
Verlnebsbgro Hamburi

0 2000 Hamburi 1
Ttl: 10411)24 13 93
Cable HEWPACKSA Hambu'i
Ttlti: 21 63 032 hphh d

Hf * It 1 1 Packard GmbH

Mtlltndorltr Strasie 3
0 1000 NMiMntr - Kleeteld
Itl (0111)5506 26

CYPRUS

PO. Bon 1152

CY.tllciiia
lei 45621/29

ETHIOPIA
Afncin Siletpowtr I Aiency

Private Lid., Co
P 0 Boi 711
61/59 Cunnin|him SI
AMU At Itl
Ttl 12215
Cablt: ASACO Addlubibi

HONG KONG
Schmidt 1 Co. (Honf Kon| ltd
P.O. Boi 297
1511 Pnnce'i Builrjinf
15th Floor
10. Chiller Road

Tel 240161, 232735
Telti. HM766 SCHMCO
Cable 5CHMIOTCO Hon| Koni

INDIA
Blut Star Ltd.
Kllturi Buiidincs
lamshedii Tata Rd
Itmba) JOO 070
Tel 29 SO 21
Ttlti: 37S1
Cable BLUEFROSI

Blue Star Ltd
Uui
414/2 Vlr Savlrkar Mar|
Prabhadevi
Bimkat 400 025
lei 45 7301

lelti 3751
Ciblt BLUESTAR

Blue Stir Ltd
14 40 Ci>H Lines
Kanpur 201 001
Tel 6 11 82
Catlt BLUESTAR

Blut Slar, ltd
7 Hare Strttt
P 0 Boi 506
Calcutta 700 001
Tel. 23 0131

Telei 655
Cable BLUESIAR

Blue Star Ltd
Blut Slar Home.
34 ftin| Road
iiipat Nifir
NtW Delhi 110 024
Ttl 62 32 76

Cablt BLUE STAR

Blut Star. Ltd.
Blut Stir Hoult

Tel 51473
Telei 430
Ciblt: BlUESTAR

EUROPE

Vertnebiburn Munchen

1SAR Center

IWtll Brrhn
Hewlett Packard GmbH
vertriebtburo Berlin
Wilmeridorfer Stratie 113/114
;.](:•::> lerim * 12
Tel CJl: 3137046
Telei 11 3405tipblnd

GREECE

11. Ermou Slreel
GR Altwm 126
Tel 3230-303. 3230 305
Cable RAKAR Athent
Ttlei 21 5962 rkar ji

IRELAND
Hewlett Packard Ltd.
224 Balh Road
GBSHlllh. SL14DS. Bucks
Tel Sloufh 10753) 13141
Cable: HEWPIE Sloufh
Ttlei 841413

Hewlett Packard Ltd.
Iht Cnfloni
Stamford New Roid
AltriiKkam. Cheihire, En|lind
Tel (061) 9281626
Telti 668068

ITALY
Hewitt (Packard Itiliani 5 a A
Via Amerigo Veipucci 2
120124 Milan
Ttl (2i 6251 110 lineii
Cable HEWPACKIT Mlim
Telti 32046

Hewlett Packird itaiiina S.p A.
PIJIII Marconi. 25
1 00144 Rimt - Eur

Cable HEWPACKIT Rome
Telei 61514

AFRICA. ASIA,

Blut Star, ltd
1-1 117 1

Sec underload 500 003
Tel 76391. 7 7393
Cable BLUEFR05T

Blue Stir, Lid.
23 24 Second line B*irh
Midrn 600 001
Tel. 2 39 55
Telei 379
Cablt BlUESTAR

Blut Star, Ltd
IB Karter Burtfalow
DindH Road
iamihtdpiir 831 001
Tel 31 04
Cable BLUESTAR

INDONESIA
Bah Bolon Tradinf Coy NV
D la Ian Merdtka 29
lindunt
Ttl J915 51560
Cable. ILMU
Telei 01-809

IRAN

A.enut Sonyi 130
PO Boi 1212

" Ithtran
Tel 13 1035-39
Cable MULTICORC Tehran
Telti 2891 MCI IN

ISRAEL
Electronic i I EntinHring

Oil. of Motorola Itratl Ltd
17 Aminidn Strttt
Tel Ail.

Tel 36941 (3 lines
Cablt BASTEL Tel-Avi,
Telei 33569

JAPAN
lokofawi Hewlett Packard Ltd

1 S9-1 Yoyoii
Miibu.i ku. Taku
Tel: 03-1702211/92
Ttle.: 232-2024YHP
Cable YHPMARKET lrjn 23 721

Yokoiiwa Htwlttt-Pacurd Lid
Nuti Ibarati Bldf
22-1 Kllufl
1 bar a| i Shi
OiaU
Ttl: (0726)23 1641
Ttlti 5332-385 YHP OSAKA

Yokoiawt-Hewlett-Pickard Ltd

No'^Ki'miiailfima-ctio
Nakamura-ku, H*|*]rt City
Tel- (052) S71-SI7I

Nitto Bldf.
2-4-2 Sninohara-Kita
Kohoku ku
lakatama 222
Tel 045-437,1504
Ttle. 312-1204 YHP YOK

Tel (49166 4062

Ttl (11)53 1264
Tele. 32046 via Milan

LUXEMBURG
Htwlttl Packard Btnelui
SA.'NV
Avtnut de Col-Vert. 1.
(Grotnkna(lian)
B 1170 Bruitili
Tel- (03 02' 7222 40
Cable PALOBEN Brunei!
Telti 21 494

NETHERLANDS
Hewlett-Packard Benelux N V
Weerdeilem 117
P 0. Bo. 7125
Nl Amilirdim. 21011
Tel 020 42 77 77. 44 29 €6
Clble PALOBEN Amiterdam
Telei I1216htpanl

NORWAY
Hewlett Packird Norit A S
Ntmien 11
Boi 149
N 1344 Kailvm
Ttl- (02) 13 13 60
lelti 16621 hpnai n

PORTUGAL

Mtclncoi SIM
Rua Rodnio da Fonitci 103
PO. Boi 2531
P Lilian 1

Cable TELECTRA Liibon
Telei 1591

AUSTRALIA

Chuo Bld(.
Rm. 601 3.
2-Chome
IZUMI-CHO.
Mitt. 310

KENYA

P.O. Boi 18311
NaKtbl. Ktnri
Tth 57726
Cablt: PROTON

KOREA

1 PO Boi 1103

Dae Kyung Bld| , Bfi Floor
107 Stionf Ro.
Chonfro-Ku. it Hi
Ttl (4 lines' 73-1924 7
Cablt AMTRACO Stoul

LEBANON
Conitintln E. Macridn
P.O. Boi 7211

RL-Rtirut
Til 220146
Cittlt: ELECTRONUCLEAR Beirut

MALAYSIA
MECOMB Mllirill Ltd
2 Loroni 11 '8A
Section 13
Ptlllinj 11,1. Stlinior
Cable MECOMB Kuala Lumpur

MOZAMBIQUE
AN. Concaliti, Ita
162. Av 0 LUII
PO. 801 107
lavrtnct Marquti
Ttl 27091, 27114
Telei 6 203 Neiun Mo
Cible NECON

NEW ZEALAND
Hewlett Packard IN J I Ltd
94-96 Onon Strttt
P O Boi 9443
Courtenay Place.
wtllinfUn
Tel 59-559

Clble HEWPACK wtn,n|ion

Htwlttt-Packird ,N Z ' ltd

?67 Pakurania Hijhwiy
Boi 51092
Pakuranfa
Tel 569-651
Cablt HEWPACK, Auckland

NIGERIA
TEIL (Matacon D>viiion]

P 0 Boi 5707
lajJH
Ttl 14545
Cable THETEIL Laiat

SPAIN

lerei No 1
t Madrid 16

Ttlei 23515 hot

Milineiido 21-23
r larttlani 17
Ttl 11] 203 62 00
Ttlei 52601 npbt e

SWEDEN
Hewlett Packard Svtrlft AB
Enifhtttvlcen 1-3
Fack
S-161 . Brg-imj ..
Ttl 1081 98 11 SO
Catlt: MEASUREMENTS

Stockholm
Telei 10721

Hewlett. Packlid Sverrie AB

5411 41 Mil Mai
Ttl <03I)27 68 00,01

SWITZERLAND
Hewlett Packard (Scfiwei; AG
Zurcherilriut 20
P.O. Boi 64
CH-8952 Schl.eren Zurich
Ttl. <0119B It21 24
Cable HPAG CH
Telei 53933 hpjf cfi

Hewltlt Packard (Schwtiil AG
9. Che mm Louis Pic tn
CH-1214 Vernier— Ctrieia
Tel 1022)41 49SO
Cable HEWPACKSA Gene, J
Teiei: 27 313 hpia c<i

TURKEY

Satlik Sol No. 15/1

P.O Boi 437 Btyo|lu
1R lilanbul
Tth 49 40 40
Cable TELEMATION Itlanbul

Mulhlo * Compmr. Ltd.

Kirackl 3
Tel: 511027, 512927

Mushho t Company. Ltd
3 IB. Sattllite Town
Rawalpindi
Ttl 41924
Cable FEMUS Rawalpindi

PHILIPPINES

Development Corp. Bldf.
A, aii Avenue. Mikati, Rual
CCPO Boi 1021
Makali, Rital
Ttl 86 18-17, 87 76-77.

67-16-11, 17-1845. 8191 71.
13 11-12 13-12-12

' .': " UF'-'i' Manila

SINGAPORE

10 12. Jalan Kilani
Red Hill industrul Eitatt

Tel- 647151 (7 HMD
Cible MECOMB Sinupore

Hewlett Packard Far Eait
Arei Ofiice
PO. Boi 17
Aitiandra Poit Ollict
Smiapare 3
Tel 633022
Cable HtWPACK SINGAPORE

SOUTH AFRICA
Hewlett Packard South Africa

(Pt».l. Ltd.
P.O. Boi 31716

30 Dt Beer Street
I«Kannti»i»t
Til 725-2010, 725 2030
Telti: 0226 JH
Cable: HEWPACK Johanntiburf

Htwlttt Packard South Africa
(Pt> ), Lid.

Cape Tg*n
Ttl 26941 3 3
Cable HEWPACK Cipt Town
telei 0006 CT

Hewlett Packird South Africa
Pit . Ltd

641 Ridie Road. Durban
P 0 Boi 99
a, n fmi Situ
Tel B16102
Telti 567954
Cibte HEWPACK

UNITED KINGDOM

224 Balh Hold
GBSItmh, SLl 40$. Bucki

Ciblt: HEWPIE Slouih
Telei: 841413

Hewitt! Packard Ltd.
' Tht Craltoni"
Stamford Ntw Road
CB iltrintkam. Chtthlrt
Ttl: |061!921-862fi
Teiei 661061

Hewlett-Packard Ltd'i 'Mistered
addrtu for V.A.T. purpoiti
onljr:
70, Fintbury Pa*em.nt
Bndtn. EC 2A 15]*

SOCIALIST COUNTRIES
PLEASE CONTACT:
Hewlett Packard Gei.m.b.H.
Handti i kil 52/3
P.O Boi 7
A-I20S Vrtuna
Ph: 102221 31 66 06 lo 09
Cable: HEWPACK v^nna
Telei: 75923 hewpak a

ALL OTHER EUROPEAN
COUNTRIES CONTACT:
Hewlett-Packard S A

P 0. Boi 15
CH 1217 Metnn 2 Ctneva

Swilierland
Tel. (022)41 5400
Cable HEWPACKSA Geneva
Ttlti 2 24 86

TAIWAN
Hewlttt Packard Taiwan

Sec. 1
Ovtntat i- u ranee
Corp. Bid i 71 h Floor

Tel 319160.1,2. 375121
EH 240 -249

Telti; TP124 HEWPACK
Cable HEWPACK Taipei

THAILAND
UNIMESACo., ltd.
Chonikamee Building
56 Sunwoniie ROM
Batiiktk
Tel: 37956. 31300, 31307,

17540
Cable UNIMESABtnfkok

UGANDA
ucanda Tilt-Eltctnc Co.. Ltd.

Kampala
Tel: S7279
Cible COMCO Kampala

VIETNAM
Ptninsulir Tridin( in;
P.O. Boi HI
216 Hi(n-Vuon(
laliti
Tel 20-805. 93398
Ciblt PEN1RA. SAIGON 242

ZAMBIA

P.O. Boi 2792
luaka
Zambia. Central Afnci
Tel. 73793
Cible ARJAYTEE, Lgiika

MEDITERRANEAN AND
MIDDLE CAST COUNTRIES
NOT SHOWN PLEASE
CONTACT:

Co-ordination O'lice lor
Mediterrantan and Middle
En! Optratloni

1-00144 Rome-Iur. Italy
Tel: (6) 59 40 29'
Cablt: HEWPACKIT Romt
Tele. 61511

OTHER AREAS NOT
LISTED, CONTACT;
HtwIttt.Packjid

3200 Hillnew Ave.
Paio Alto. Calitorn.a 94104
Ttl: ;:•> 326-7000

(Feb. 71 493-1501)
TWX 910-373-1267
Cable HEWPACK Palo Alia
Telei 034-8300. 014-1493

E 7-73
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