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SECTION | 

INTRODUCTION 

This application note discusses the use of a multi- 
channel analyzer to measure statistical properties of 
Information, 

Basically, a multichannel analyzer samples inpat in- 
formation and stores data ina memory. It 15 ideal 
for measurements suchas the relative frequency of 
occurrence of pulse amplitudes and its most common 
application 1s to nuclear pulse height spectrometry. 

Hewlett-Packardanalyzers are designed tohave flexi- 
Dility that enables thelr use also for a variety of sta- 
tistical and waveform measurements in non-nuclear 
work. A number of these applications may open new 
approaches to statistical measurements. 

AN-93 discusses applications of the HP 54004 Multi- 
channel Analyzer to measurements of the probability 
density functions of signals. Forthese measurements 
the 5400A 15 operated in its sampled voltage analysis 
mode. Also included arc applications that utilize the 
5400A°s ability to recordand store signalsas a function 
of time by use of its multichannel analysis mode of 
operation. A few measurements that utilize pulse 
height analysis mode are covered. An appendix dis- 
cusses probability theory and density functions. 

The HP 5401A Multiclannel Analyzer, successor to 
the 54004, also operates in all three modes and is 
fully capable of the measurements discussed here. The 
5401A includes the HP 5416A Analog to Digital Con- 
verter (ADC) with 4096-channel resolution and a 
200 MHz clock rate for digitzing pulses; and the 
HP 54224 Digital Processor with memory expandable 
from 1024 104096 to 8192 BCD-coded words of 24 bits 
each. The HP 54004, with its HP 54154 ADC, offers 
1024-channel resolation and a 100 MHz clock rate. 
Each ADC has its own advantagesfor statistical work 
and either can be selected for Model 5401A. 

Briefly, the 5415A offers four voltage ranges (1.25V, 
2.5V, 5V and 10V) and four outpul ranges (128, 256, 
512 and 1024 channels). The 5416A offers four output 
ranges (512, 1024, 2043 and 4096 channels) and has 2 
voltage range of +10V. Complete information s avail- 
able in technical data sheets on the analyzers and on 
the converters. 

Model 54004 was used for all of the studies reported 
bere. AN-93 is a rather comprehensive survey of 
measurements which it 1s possible to make with HP 
anmalyzers. Many of the suggested methods include 
information on instrument set-ups and oscillograms 
of actual measurements; others are suggestions that 
may awaken ideas for extensions of the applications 
for these analyzers.



SECTION 1l 

STATISTICAL MEASUREMENTS 

Appendix I presents some concepts of probability 
theory. They are relevant because the multichannel 
analyzer can provide a plot,in digitalor analog form, 
of the prabability density function of a random variable, 
with probability displayed on the vertical axisversus 
the random variable on the horizontal axis. More- 
over, because of the three different modes of opera- 
tion-- sampled voltage analysis,multichannel scaling, 
and pulse height analysis - the random variable may 
be inseveral different forms. For example, the 54004 
can give a probability density function of a voltage 
wavelorm varying with time, operating in the SVA 
mode where voltage is the random variable, or of 
pulses occurring at a varying rate, operating in the 
MCS mode where the rate ol pulses is the random 
variable, or of pulses of varying heights, operating 
in the PHA mode where pulse height is the random 
variable, The following possible applications of the 
54004 indicate this versatility more concretely and 
point out the value of making statistical measurements 
on signals of interest 
A. SAMPLED VOLTAGE ANALYSIS 

(SVA) MODE 
While operating in the SVA mode, the aalyzer samples 
a time-varying voltage signal at the input, converts 
the voltage amplitude of this sample {0 a digital num~ 
Ber in the analog-to-digital converter (ADC), adds one 
count o the memory location corresponding to the 
digital number, and then proceeds to sample again 
when another sampling command occurs, depending 
on the rate selected on the sample rate switch, 

  

  

It the sampling Interval is not coherent with the 
sampled waveform, then every interval of time of the 
waveform is equally likely to be a sampling interval; 
thus the analyzer 1s, In effect, recording the relative 
frequency of occurrence of voltage levels of the in- 
coming waveform. For example, if 2-volt levels oc- 
cur during the operation time of the analyzer twice 
as often as 1 volt, then twice as many samples of 2 
olts will be taken, and the count stored in the channel 
representing 2 volts will be twice the count stored in 
the channel representing 1 volt. Since the channels 
(representing voltage levels) are displayed in the 
horizontal axis and counts in the channels are dis- 
played vertically, the CRT display or plotter gives 
aplotof frequency of occurrence versus voltage level. 
This plot (when normalized) approaches a plot of the 
probability density function of the voltage nput as the 
number of samples increases. The probability of any 
one voltage level is the count read on the vertical 
axis (or printed by a printer) in the channel corres- 
ponding (o the voltage level divided by the total num- 
ber of samples taken (determined by the sample rate 
and the preset time). AppendixI gives a more precise 
definition of probability density functions and, in par- 
ticular, of the relationship between the probability 
density function of a possibly periodic waveform and 
the sampling on the time axis of the waveform. 

Figure 1 shows the probability density functions of 
four waveforms plotted on the 5400A Analyzer -- a 
sine wave, triangle wave, square wave, and Gaussian 
noise. The calculated probability functions (from 
Appendix T) are listed below. The measured and theo- 
retical functions agree closely. 

Figure 1 
  

Probability density functions of four waveforms 
plotted o display of HP 5400 Multichannel Ana- 
Iyzer, Upper left, sine wave; upper right, triangle 
wave; lower loft, ‘square waves: lower right, Gaus- 
sian noise.       

Function Probability Density Function py(y) 

yosin (ote8) w0 = g ey i<l 
0 otherwise 
12 0r |y] <1 
0 otherwise 
128 (5-1)+1/28(+1) 

y=tri(otes) Rl 

  

yeswte6)  pyl 
=0 otherwise 

1 ¥ = Gaussian noise py(y) exp)    
The 5400A Analyzer can provide a graph (or table, 
from u printer readout) of the probability density 
funetion of an incoming voltage waveform. There are 
several valuable uses for this information, some of 
which are discussed in the following sections.



1. _Amplitude Distortion 
Although the probabilily density function gives oo in- 
formation about the phase or frequency of & periodic 
signal, it carries significant amplitude information 
in the'form of relative frequency of occurrence of 
amplitude (voltage) levels. Therefore, the 54004 
canbe invalusble as an indicator and measurer of dis- 
tortion in a wavelorm, 
Figure 2 shows the probability density functions of 
two sinusoldal waveforms, both from the output of an 
HP 3300A Function Generator. The top density func- 
tion is of @ 10 Hz signal and the bottom is of 0. 01 
Ha signal. In both cases, the distortion due to diode 
shaping 1s easily recognized, vet the distortion is 
specified to be less than 1% and is not identifiable 
using an oscilloscope. Moreover, the distortion In 
the 0, 01 Hz signal is difficult to measure by conven- 
tional means; since the 54004 is dc coupled, it can 
analyze the 0,01 Hz signal and demonstrate that the 
distortion in it is no greater than that in the 10 Hz. 
signal, which can be measured by standard means. 

Figure 2 
  

‘Probability denstty fusction of 10 1z sinusoldal sig- 
nal (upper) und 0,01 itz sinusotdal signal lower.       

Figure3 indicates another type of distortion, _this 
time in the triangular waveform. The upper trace 
in Figure 3B is of a triangular Wavelorm from the 
HP 33004 Function Generator at 1 kHz. The lower 
trace is of the triangular waveform (reduced in amp- 
Jitude) amplified by the HP 5582A Linear Amplitier. 
Figure 3A is the probability density function of the 
upper trace and indicates minimal distortion (the 
Higher probability of the extreme voltage levels in- 
dicates a slight rounding of the peaks). Figure 3C 
gives the probability density function of the lower 
trace, and indicates both the curvature of the theo- 
retically linear part of a trisngular wavelorm and 
the crossover distortion af zero volt due to the amp~ 
lifier (adistortion which is not noticeable onthe CRT). 

1 

Figure 8 
  

  
  

  

    

  

Comparison af probability density functions of two 
triangle waveforms. A. Prohability density func- 
tionof upper waveform i . C. Probability dens— 
ity function of lower waveformin B; nots diatartion,       

Figure 4 indicates still another type of distortion. 
Figure 44 gives two sinusoidal wavelorms; the upper 
trace shows the ac coupled square of the lower trace 
(a 1 kHz sine wave). The trace in Figure 4B that is 
higher on the left half {for negative voltage levels) 
and lower on the right half (for positive voltage levels) 
is the probability density function of the square (ac 
coupled) of the stnusoidal waveform whose probabilits 
density function is the other trace In Figure 4B, This 

   

 



Figure ¢ 
  

        
Comparison of probability density functions of two 
sinusoldal waveforms. B. Trace higher onleft and 
Lower on right is probability demsity function of up- 
per trace in 44; the other trace {s the probability 
density function of lower trace in 44,     
  

Latter trace is very close to the theoretically sym- 
metrical probabilify density function of a pure sine 
wave. By comparison, it is cvident that the squared 
sine wave (theoretically also a sinusoidal waveform) 
has a higher probability of being negative than po: 
tive, due to a slight rounding of the negative portion 
and @ slight sharpening of the positive portion of the 
wavelorm. 

  

Appendix II describes the circuit used to obtain the 
square of a waveform. 

Figure5 s aninteresting demonstration of the 3400A's 
ability to indicate distortion. The lower trace is the 
probability density function of a1 kHz sine wave from 
the HP 3300A Function Generator, which shows the 
diode shaping of the wavefor. The upper trace is the 
probability density function of theinverted, ac coupled, 
normalized square of the output from the 33004, 
Notice that the right-hand portion (positive voltage 
level) appears to indicate less distortion than does 

the let-hand portion (negative voltage levels). This 
results from the fact tha the positive portion of the 
squared sinusoidal waveform is the square of the 
“"middle” voltage levels of the input to the squaring 
cireuit, i.e., for voltage levels in the interval 
(-1/#2, 1/y3} of a sinusoidal input wavelorm with a 
peak voltage of 1 

Vip = sin ot 

ot~ Vi 
= sin’ wt 

1 =} (-cosz oy ) 
andwhen V3 15 ac coupled, normalized, and lverted, 
then the output waveform is: 

Vout = €08 2 wt @ 

The positive portion of Vo Occurs when 

- F<rut<]   

or when 

1 
V7 @) 

Likewise, the negative portion of Vo occurs when 
1 Vin| >, = @ 

  

<sin wt= Vi < 

     

With these observations in mind, the asymmetry of 
the distortion in Figure 5 can be explained, for the 

Figure 5 
  

  

Probability density functions of siausoidal wave- 
form from HP 3300 Function Generator (lower 
trace) and its tvertad, ac coupled, normalized 
square (upper trace).      



straight line in the center portion of the lover trace 
that indicates a linear portionof the sinusoidal wave- 
form at the input for the squaring circuit gives rise fo 
the comparatively smooth portion of the far right-hand 
portion of the upper trace that indicates the square of 
a linear portion of the input waveform. 

Mathematically, the probability density function of the 
square (V7,,) of a linear function, derived in Appen- 
aix s 

VV'i for 0< V3, < oy (Vi) 
Yout - 00t out 

= 0 otherwise ® 

‘Thus the probability function of Vs, 
15  smooth function varying as 17 
is ac coupled). 

when Vi is linear 
ot (Bince ¥, 

The negative half of Voy yields & probability density 
function that is “rougher” since It is the result of 
squaring the portions of Vig inthe interval 1> | Vin| 
>1//3; these portions contain more slope changes due 
to more trequent diode switehing. 

Figure 6 indicates yet another type of amplitude distor~ 
tion.  Figure 64 is the probability density function of 
the voltage output from a small, portable public ad- 
dress amplifier which was used to amplify a signal 
from a portable T-transistor radio, * The small peak 
on the far right of the trace, which is amplified in 
Figure 6B, occurs in channels representing voltage 
levels around 3 volts and indicates that the amplifier 
is overdriven at voltages greater than 3 volts. 

Applying the information that a 5 volt full-range input 
setting and a 1024 channel full-range output setting 
were used on the ADC, an accurate measure of the 
dynamic rangeof the amplifier and of the deviation of 
this range is possible. The fiith markex shown is on 
channel 585, which represents 

5V 
1024 channels 

The deviation in the dynamic range can be defined as 
the voltage difference between the first and last 
markers, i.e., 

* 585 channels 

  

2867 

5V 4V =9 channels * P < ddmy 

N S (The resolution per channel 15 [z oyt = 4.68 mY) 

  

Not only can the 54004 Analyzer inthe SVA mode pro- 
vide iniormation indicating where (at what amplitude) 
distortion occurs, but often it can also indicate the 
typeor shapeof distortion; this information is derived 
from the shape of the distorted probability density 
fanction. Appendix T points out that the probablity 
density function of y = g(x) 15 inversely proportional 
to the derivative gi(x) if x is distributed uniformly. 
Thus If the distortion results from discontinuities of 

*Part of Shubert's Symphony No. 5was being played. 
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Figure 6 
  

  

Probability density function of positive portion of 
output signalof public address amplificr, 6B is an 
expanded viewof the far right portion of 6A inwhich 
the small peak indicating distortion occurs.       

the slope of the waveform, such as in the example of 
the diode-shaped sine wave and the overdriven output 
of the public address amplifier, the probability density 
function will also have corresponding discontinuities. 
It is interesting to note that, because the derivative of 
a function 1s 1n general "rougher” than the function, 
this lnverse relationship between the probability den- 
sity function and the derivativeol the waveform isthe 
reason why diode shaping and other distortions that 
are the result of discontinuities in slope are more 
noticeable in the probability density function than in 
the waveform itself. 

In some cases, a quantitative measurement of ampli- 
tude distortion is possible with the use of a 5400A. 
Such a measurement might be more meaningful than 
the conventional description of distortion in terms of 
barmonics of a signal in certain applications -- for 
example, for aperiodic waveforms and for random 
or semirandom signals such as voice and music. 

Since distortion 15 a function of amplitude (somevolt- 
age levels are generally distorted more than others), 
we define
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x=a stochastic process that is in our case 
a voltage waveform 

X, =@ "pure” stochastic process from which x 
is distorted 

Dix) = percent distortion as a functionof the sto- 
chastic process x 

P {x) = probability density function of x 
£ (x,) = probability density function of x, 

t 

  

A natural definition for D{x), then, is 

[ - pe0] 1 

  

00% ®) 

and to indicate the “total” amount of distortion, we 
define 

  

172 f [pe| p ax ] R 
Thus, the maximum distortion D that is possible is 
1005, and the minimum 1 0% 

In terms of the 5400A’s versionof probability density 
functions, the definition is applied as follows: 

n,{x) = count in channel x when the stochastic 
process (vavelorm) x was sampled 

  n, () =count in channel x when the stochastic 
process {waveform) x, was sampled 
(s may be 4 theoretibal value) 

T, tal number of samples taken when 

  

x was sampled 
total number of samples taken when 
X, was sampled 

  

  
  

  

  

Then 
0 gt 
T, i 

Dix)= —“&’L - 100% 

X 
T 

2t ® 

and 
nb) g pema [x 

% 31 

over all channels, ) 

  

Normally, the experiment would be run such that 
TTe T 

50 that 
1 p-12% ¥ 

  

  

200 - n, ) 

over all channels a0 

The most convenient case to apply this measurement 
of distortion is one in which the distortion is limited 
to a relatively parrow range of voltage levels, as is 
the case in the ovendriven ampliier's output whose 
probability density function is given in Figure®. Here 
we consider the distortion that appears at voltage 
levels greater than or equal to that represented by 
the first marker in Figure 6B. We also assume that 
the probability density function is symmetric about 
2oro volt and therefore that the ilenical distortion 
existed for extreme negative voltages (not shown in 
the picture). _Finally, we assume that no other por- 
tions of the voltage waveform were distorted. Thus 

LR B Y KRR 

    

over all 
chamels 

5T PR 
G¥r chan- &ver chan- 
nels > first nels desg- 
marker nated by 

‘markers {11) 

since all samples that theoretically were greater than 
or equal to the voltage representing the first warker 
were distorted so that they all added to the count in 
the channel designated by the markers and none of 
them added to channels greater than that {ndicated by 
the last marker. Thus 

over chan 
nel desig- 
nated by 
markers 
= (cy, Cg) 

B DR (M g ) 
over channels 
greater than 
that designated 
by last marker 

or 

  

In this example, nx; (x) 15 @ theoretical value, which 
we assume (by extrapolation) to be equal to approxi- 
mately the counts in the channels immediately pre- 
ceding the first marker. Thus, finally, we have 

7



1 sample 
Wps 

  

© B0s = 3 x 10° samples 

n.(9) | Channel designating x 

  

5, ()= 50, for all x designated by (C;,Cg) 
L 

2 -0 
[ 

and X o wess0sa0 
(Ehepie 

Thus 
2100 

D=2 0 100% 

0.14% a3 

  

Another measure of distortion, easter to calculate but 
perhaps not as meaningtul in some cases, would be the 
percent of time the stochastic process (or vollage 
waveform in_our case) deviates from the theoretical 
waveform. Since the 5400A samples uniformly with 
respect fo time, the percent of time that the wave- 
form s distorted is simply 

Dp= feyxlax 
Gver all 

x that 1s distorted a9 
Thus the percent of time that the waveform that yielded 
the probability density function in Figure 6 is distorted 
is P 

g 0 (x) X g 2500 Dy 1005 = 2 3200, - 100% = 0.167%     

15) 
(The factor 2 again comes from the assumption that 
the percent distortionof negative voltages is the same 
as for positive voltages. ) In this example, D could 
be interprated as the percent of time the amplifier is 
overdriven. 

In summary, the capability for measuring probability 
density functions with the HP5400A Multichannel Ana- 
Iyzer opens up new and possibly superior methods for 
detecting and measuring distortion on waveforms. 

2. Nolse Analysis 
‘The probability density function of noise is a valuable 
measure of its characteristics, since noise is often 
aperiodic and therefore difficult to understand and 

8 

analyze ustng an oscilloscope, for instance. White 
Gaussian noise, tn particular, can be specified com~ 
pletely by measuring its variance and mean (sce Ap- 
‘pendix I for definitions), both of which are attainable 
from its probability density function. The 5400A Ana- 
Iyzer, which measures the probability density function 
of an incoming waveiorm, therefore is a valuable tool 
for analyzing noise. Three areas to which the Analy- 
zer can be applied are: the study of noise on a signal 
(introduced somewhere inthe system transmitting the 
signal); the analysis of noise from some source; and 
the study of a system's response to nolse or to pseudo- 
random signals. 

Ove example of the use of the HP 5400 in studying 
noise introduced by a system on a sigual 1s connected 
with the development of the HP 5260A. The probability 
density function of the loop phase lock jitter was studied 
to determine whether it was random (Gaussian) co- 
herent or noise. This information was necessary in 
order to decide how to improve system performance. 

The 54004 1s much more sensitive to noise Jitter on 
a signal than is a CRT, for example, because of the 
high resolution possible with the analyzer (as high as 
1.25 volts per 1024 channels or 1.2 mV per channel). 
For example, Figure indicates not only the distortion 
in triangular waveforms, but also the noise jitter in- 
troduced by the HP 55024 Linear Amplifier; the 
“skirts" of the probability density functionin Figure 3C 
do not cutoff within one channel (1.2 mV)as they do in 
Figure 3A; instead, the drop from maximum to zero 
probability (of the voltage levels greater than the 
maximum voltage levels) occurs over about nine chan~ 
nels or 10,8 mV (1.2 mV per channel). Thus an ap~ 
proximate measure of the noise on the signal is 10.3 
mY, peak to peak. Since the signal itself 15 805 chan- 
nels or 805 - 1.2 x 10-3 = 0,967 volt peak to peak, the 
noise voltage is approximately 10.8mV/967mV - 100% 
= 1.12% of the signal. 

Measurement of naturally occurring disturbances such 
as tremors and atmospheric turbulence, and of re- 
sponses of systems to such "noise” disturbances or to 
other environmental events, are often important prob- 
lems for scientists and engineers. The HP 5400A 
Multichannel Analyzer, often in conjunction with the 
HP 37224 Noise Generator, can be a powerful tool 
for studying the amplitude characteristics of the dis- 
turbances o of the responses of a system, 

When the HP 54004 s used in conjunction with the HP 
37224, analog computer studics can simulate the 
naturally occurring disturbances. 

Applications include: 
Application Area 

Atrcraft 

Simulation 

Air turbulence 
Missile Target evasive action 
Automabile Load roughness 
Ships Wave motion 
Bridges, bulldings Wind, seismic forces 
Process control  Temperature, pressure 

flow, and concentra- 
tion fluctuations



In & new and important area, nolse sources are 
used to drive shake tables or highlevel acoustic loud~ 
speakers in fatigue testing of missiles or jet engines, 
and the 54004 can be used for measuring the responses 
of erucial components and parameters of the system 
under test. Studies of underwater sound, background 
noise, acoustical responses, noise in a transistor, 
and blomedical phenomena are other important ex- 
amples of the possible use of the 54004 in analyzing 

3. Amplitude Modulation 
Much of the needed information about amplitude- 
‘modulated (AM) waveforms is available from the prob- 
ability density function of the waveform, Both quali- 
tative information about the form of the modulating 
signal and quantitative information (for example, per- 
cent modulation) are provided by measurements ith 
the HP 54004 
Referring to Figure 1, the top waveform shows the 
probability deusity function of an unmodulated 58 MHz 
sine wave (rom an HP 605A Signal Generator using 
a 1404 Sampling Oscilloscope and a 5400A Analyzer. 
The bottom trace shows the same 58 MHz signal with 
approximately 50% AM by a 1 kilz sine wave. Since 
the 58 MHz signal is modulated approximately 50%, 
the most probable voltage levels in the upper wave- 
form in Figure 7 have moved half-way toward the 
center in the bottom probability density function. 

The sketch shown in Figure 8 demonstrates the re- 
lationship between the pesks moving in and the skirts 
of the probability density {unction moving out as the 
carrier is modulated. The amount that the peaks 
move in and the amount that the skirts move out are 
Linear functions of percent modulation from 0% to 
over 1004, With reference to Figure 8, the amount 
(or percentage) that the peak of the modulated wave- 
form moves from its original unmodulated location 
toward the center is a measure of the percent AM. 
1f the unmodulated waveform is not available for com- 

  

Figure 7 
  

  

Probability density funetions of 58 Mitz sine wave 
from HP 606A Signal Genorator using 140A sum- 
pliag oscilloscopes; upper trace with no modulation, 
Tower trace with about 50% modulation by 1 kliz     
  

Figure 8 
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Probability deasity functions of amplitude modi- 
lated sine waves in relation to time waveforms.     
  

parison to compute the amplitude modulation, the 
modulated carrier waveform densily function confains 
all the necessary information for computing the per- 
cent AM of the carrier. The percent AM is then 

s-p 1005, 
where the separation of the peaks is P and separa- 
tion of the maximum excursion of the skirts of the 
probability density function is 8. When this informa- 
ton is digitized in the analyzer memory, stmple 
channel locations of the skirts and the peaks allow one 
fo make the measurements quickly. 
With the entire 1024 channels of the 5400A's memory 
in use, the resolution possible is +1 channel, which 
is equivalent to £0.1% AM. The accuracy of the 
measurement is not necessarily equivalent tothe reso~ 
Intion of the system. 
Figure 9 shows four probability density plots of modu- 
lated and unmodulated waveforms from the 6064 sig- 
nal generator. Figure 9A shows the functions super- 
imposed, and Figure 98 presents all four waveforms 
separately. The upper left waveform is the unmodu- 
lated sine wave at 58 MHz; the upper right waveform 
shows approximately 40% AM; the lower left shows 
approximately 60% modulation; and the lower right 
‘shows approximately 80% AM. 

  

9



Figure 9 Figure 10 
  

  

‘Probability denstty functions of modulated and un- 
modulated waeforms; 9A shows functions super~ 
imposed, 9B shows functions separatly.       

The 54004 can also yield information about the type 
of modulating waveform; this information can be de- 
rived from the probability density function. Figure 10 
shows four AMwaveforms obtained by using the 32008 
Oscillator and providing an AM input tothefront panel 
jack. The upper left density function is for 250 MHz 
modulated by nolse (rom an HP 37224 Random Noise 
Generator with the noise frequency confined to a 15 
KRz bandwidth. The density function shown in the up- 
per right portion of the figure is 250 MHz modulated 
by a1kHz sine wave. The density function in the 
lower left is 250 Mz modulated by 4 1 kHz triangle, 
and the density function in the lower right is 250 MHz 
modulated by a 1 kHz square wave, Note that In all 
four functions, the centroids of the peaks can be easily 
defined and locations of the skirts are also well de- 
fined. These locations are theonly bvo measurements 
required for computing the amplitude modulation from 
any of these probability density lunctions. 

The use of the 5400A in making AM measurements in 
its SVA mode (or probability density analysis meas~ 
urements leading to AM data) has three important po- 
tential benefits: 
10   

Probability density functions of sine waves ampli= 
tude modulated by Gaussian noise (upper Teft), sine 
wave (upper right), triangle wave (lower left), and 
square wave (lower right).       

1. Given good linear system inputs, accuracy and 
resolution of AM measurements may approach 
£0.1% 

All data collected to allow making AM measure- 
ments are in digital form, thus making it ex- 
tremely convenient to output the data directly to 
a computer. The computer can then make the 
calculation todetermine AM (or even to determine 
the type of AM on the carrier). The digitized data 
in the 5400A mayDbe storedon punched paper tape 
or magnetic tape for future data reduction by a 
computer. This digital AM information should 
prove invaluable to people who want automated 
test setups for this type of measurement. 

3. Measurements can be made extremely rapidly. 
For example, less than 10 seconds real time 
were required to accumulate the data for each of 
the probability distribution waveforms shown in 
this section. 

The accuracy of measurement, digital format, and 
speed of measurement should prove invaluable to all 
who are concerned with AM studles where limitations 
caused by the frequency of the carrier or modulating 
wavelorm must be avoided. 

‘When a sampling oscilloscope or the HP 84054 Vector 
Voltmeter is used as down-converter for AM measure- 
ments, a few precautions are necessary in the sctups 
and measurements. With the sampling oscilloscope, 
fairly stable triggering is required, at least five or 
more eyelesof the wavelorm should be displayed, and 
the maximum bit density should be used to prevent un- 
due distortion of the presented sample waveform in 
the 5400A. With the B40SA as a down-converter, high 
percentage AM and alow-irequency modulating wave~ 
form may cause the 8405A to lose lock.
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4. Voltage Range or Voltage Peaks 
The 5400A's abilityto give accurate measurements of 
voltage peaks is useful notonly for studies of AM sig- 
nals but also for determinations of the dynamic range 
of an electronic system. When ADC settings of 1.25 
volts full scale input and 1024 channels output are 
used, measurement resolution can be as good as 1.2 
mV, which cannot be duplicated by an oscilloscope. 
Thus the 54004 will prove valuable when accurate 
determination of the range of an amplifier, meter, 
receiver, transmitter, loudspeaker, or various other 
systems or system components is required, or when 
an accurate determination must be made of the maxi- 
ma and minima of a voltage signal. 

An interesting example of this capability is the deter- 
‘mination of the time constant in a RL, RC, or RLC 
cireuit, or of some other system with an exponential 
decay. Figure 114 shows a series RC circuit. Fig- 
ure 11B gives a periodic exponential waveform which 
represents the current in this cireuit; 11C is the prob- 
ability density function of the wavelorm. The square 
wave is a 10 Hz signal, with an amplitude of approxi- 
mately 1 volt peak to peak. The time constant of the 
circuit can be measured more accurately with the HP 
54004 than with an oscilloscope, as is shown by the 
following discussion of two possible methods for de- 
riving the time constant of an exponential waveform. 

Method 1 

In Appendix I, the probability density function of an 
exponential waveform which is sampled over a period 
of K seconds is caleulated. The result is 

cihrem]-F)<f <10 

  

0, otherwise 

where 4 - maximum voltage level 
T = time constant of the waveform 
= 

  

ime over which waveform is sampled 

¥ = voltage waveform (the stochastic 
process) = A exp | -t/7} 

(Note that Figure 11C is a probability density function 
of botha positive and anegative exponential waveform. ) 

  

Thus 
Peg™ =4 KX 

or = AKpy(v=A) an 
In order to use the datafrom the HP5400A this equa- 
tion for T must be altered, since the Analyzer meas- 
ures the probability of the voltage falling within an 
interval corresponding to one channel. Let 

    

  

, = the channel corresponding to v = 0 volts 
C, = the chamnel corresponding to v = A volt 
u = the count In chamnel Cy 
T = the total comt 

  

  

    
  

Tigure 11 
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Serles RC circult. 11B is waveform Vg, repre- 
Senting current in eircui (vertical seale 1volt/ cm; 
horizontal scale § ms/em). 11C Is probability 
density function of waveform (channel 512 repre- 
sents Vg = 0 volt; vertical scale 2000 counts/di- 
viston, horizontal scale 0.25 voly/division). 

      
  

  

m=C, -G, 

4V = the voltage "window" corresponding to 
one channel. 

Then 
o Argav 

f plv=A) dvsp(v=A4)av 
lav A-3a 

1



  

the relative frequency of occurrence of 
samples that add one count to channel C 
/T (18} 

Then 
L. AR 

AV T as 

But 
A _1.2mV(m) 
v LImv ™ (20) 

Thus 
L Km 
ST e 

Note that this method for calculating T becomes more 
aceurate the larger T is, since itdepends upon the as- 
‘sumption that 4 statistical sample yields the true prob- 
ability density function of the waveform. Also note 
that the accuracy of this method is increased if adigi- 
tal (printed) readout rather than an analog display is 
used. 

Method 2 

A second method for computing T 18 as follows: 

Let m and Co be defined us above and let Cj = the 
number of the channel representing 

v Ao BT 

and 
1= C-c, 

Then . 
Ak 
== @2 

or 
™ = K/log(m/ ) @) 

Note that this method requires only a simple obser- 
vationof the digital locations of the skirts of the prob- 
ability density function. 

Applying these two methods to theexample in Figure 11 
yiclds the lollowing results: 

  

K =s0ms 
ok 
c, -5 
m =413 
¢, -s% 
t =2 

n =620 
T =7.5x10%cts (1ct/20 us for 30 

seconds, one-half of Which occurred 
when v(t) was positive) 

Then by Method 1 (Eq. 21) 
12 

413- 620 

  

= 50 ms §14- 62 17.1ms 

By Method 2 (Eq. 23) we find: 
50 ms 

e gl -1n.26ms 

These measurements are simpler to make and are 
more accurate than those made using an oscilloscope 
to determine the time canstant. 

Still another interesting example of using the 54004 
for accurate measurement o a parameter of interest 
is its application to a signal from a rescnant circult 
Figure 124 shows aseries RLC circuit, and 128 shows 
a voltage waveform which represents the current in 
the circuit. Figure 12C is the probability density 
function of the waveform. On this plot, chamnel 512 
of the HP 54004 represents zero volt (or current). 
Notice that the peaks in the probability density func- 
tion indicate the voltage levels of the peaks of thevolt- 
age waveform. Figure 12D shows the relationship 
(in a simplified case) between the voltage waveform 
and its probability density function. 

Tn order to simplify the probability density function 
50 that only a portion of the waveform is analyzed, the 
circuit shown in Figure 13A was used to provide co- 
incident pulses for the analyzer during the positive 
portion of the square wave Input to the circuitof Fig- 
ure 12, Thus samples from the ADC are routed to 
the memory only during the positive portion of the 
square waveform or during timeperiod Pof the wave- 
form in Figure 12D. Also, only the positive half of 
the waveform during time period P is analyzed, s0 
channel 0 corresponds to zerovolts. Figure 13B i3 the 
resulting probability density function. 
Ii the frequency of oseillation of the waveform is 
known, the time copstant of the decay can be caleu- 
lated as follows: (VE (1), the portion of the waveform 
oceuring during period P, is the waveform being 
analyzed.) 

VR =k s @8 

where 
K is  constant 
7 1s the time constant 

w, 1s the resonant frequency 

Then from Eq. 24 

25) 

  

But the provabiity density functon peaks at e VR loi-5)



  

  

  

  

  

  
    

  

  
  

  

Figure 12 
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Analysia of RLC network. 12B is wavelorm, Vg, 
representing current In ofreult {vertical scale, 
1 volt/om; horizontal scale 1 ms/cm), 12C is 
prabability density fusction of Vg (channel 512 
Fepresents Vg = 0volt; horizontal scale 0,25 volt/ 
division). 12D shows decaying resonating signal 
and probability density function {time period P is 
waveform period following positive transition of 
Input square wave). 

  

  

and at » o 
Vh (wgt= 55, 

bothof which are well defined. The former is the peak 
occurring at the maximum voltage level (farthest to 
the right in 13B, and the latter is the next to the 
greatest voltage peak (second [rom farthest to right in 
13B). Thus, if channel C, represents 

3 = Vp lwgt= 5 

and C, represents 
  By Vp gt =5 

o (25) 
2 o 

Figure 13 

then 
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Coineident pulses used to simplify RLC cireult an- 
alysis. 13A shows ofrcult providing coincident 
pulses to 54004 analyzer during time period P of 
Tigure 12D, 137 is probability density function of 
portion of waveform (Figure 128) ocourring with 
coincident pulses of 13A.       
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since channel 0 corresponds to zero volt, or 
27 

w,loglC, /T, @n 

  

Thus, i w, is known, T can be calculated, o if T is 
known, w, ¢an be calculated. Note that again C1 and 
Cy can b€ measured within +1 channel, or =1.2 mV 
if°1.25 volts into 1024 channels is the setting of the 
ADC. This accuracy cannot easily be duplicated with 
an oscilloscope. 

(Also, it should be noted that without using the circuit 
in Figare 13, the calculations can just as casily be 
made using the probability density function Figure 12C 
of the waveform of Figure 12B except that voltage 
when wt=5 /2 gives rise to the third from the 
farthest’to the right probability peak in Figure 12C, 
since VR (wgt = 5/2) is the third largest voltage peak 
in the waveform in Figure 12B; the second largestoc- 
curs when wof 2, due to the negative transition in 
the square wave input to the RLC resonant circuit.) 

  

   

In the example shown, 
1= 941 
€y = 300 

2 = 35. 4 kHz (read from 
I oscilloscope) 

Thus ERTR P 
Since the ADC of the HP 5400A Analyzer is dc coupled, 
this method for computing the time constant of a sys- 
tem may often be very useful when very low frequen- 
cies and long time constants are involved. 

5. Power Analysis 
There are numerous methods for measuring the poer, 
or a quantity proportional to the power, of  signal 
Among these is the use of a simple power meter. 
Also, If the voltage waveform s known, then the power 
of the signal through a 1 ohm resistor is often easy to 
calculate. However, for some applications the power 
in a signal may vary with time and an amplitude dis- 
tribution of the power may be desired. If a voltage 
signal is available which is proportional to the power 
whose distribution is of interest, then the HP 54004 
Multichannel Analyzer can be used to provide a prob- 
ability density function of the power. From this n- 
formation can be derived not only the average power 
in the signal (which can often be measured with 2 
power meter)but also the variance of the power about 
its mean, that is, a measure of the deviation of the 
power from its average value, the maximum and mini- 
mum power that occurred during the sampling period 
and other information about the power amplitude that 
‘may not be otherwise available. 

When the power in a signal is varying at a rate faster 
than a power meter can follow (the HP 4344 Calori- 
metric Power Meter, exceptionally fast for a calori- 
meter, has a response time of 5 seconds full scale) 
and when information about this instantaneous varia~ 
tion -~ not just about its average -- 1s required, then 
a squaring device with relatively small time constant 

1 

is needed, For some applications, the circult discussed 
in Appendix II, which provides an ac coupled output 
voltage that 1 proportional to the square of the Wnput 
voltagewill be useful in providing the analyzer with a 
Voltage waveform that has information about the power 
ina signal. The circuit can handle input {requencies 
in the range from 15 Hz to 130 kifz, will operate with 
an open-circuit output of abaut 10 volts peak to peak 
and has a range of almost 60 dB. 

Appendix I gives several examples of the probability 
density (unctions of the squares of different waveforms. 
and thus of the power in certainvoltage signals across 
some resistance. For a sinusoidal wavelorm of fre- 
quency i, its square is another sinusoidal waveform, 
displaced from zero and with a {requency of 2fo; thus 
its probability density function 15 also that of a sinu- 
soidal waveform. Figure 4B gives the probability 
density functions of an input and of the (normalized) 
outputof the squaring circuit described in Appendix II. 
‘The waveform that is higher on the left side (for nega- 
tive voltage levels) and lower on the right side (for 
positive voltage levels) is the probability density func~ 
tion of the output of the squaring circuit and is some- 
what distorted, indicating Imperfect squaring. This 
example illustrates how the HP 54004 can be used to 
determine the distortion introduced by 2 cireuit -- in 
this case, by a square law device. 

Tn Appendix I the theoretical probability density func~ 
tion of the power in a randomly varying (Gausstan) 
wavelorm 15 calculated, It is found to be 

1 
  

  

-y/20° 
2= /7oy ¢ 7 ror yzo @) 

= o otherwise, 
where 

yex 
1 e ad p 0= e 62   

Notice that the average power is 

  

which is a familiar fact about nolse. Figure14 shows 
the probability density function of the output of the cir- 
cuit described in Appendix Il when Gaussian noise from 
the HP 37224 Noise Generator, with a 15 kHiz band- 
width, was at the inputof the circuit. The formof the 
density function corresponds to that of the theoretical 
function of Eq. 28 except that it is inverted about the 
zero voltage axis, since the squaring circuit inverts 
the square of the input signal, Also, the imprecise 
cutoff of the function in Figure 14 indicates a distor- 
tion introduced by the squaring circuit, perhaps due 
to its being ac coupled with a lower cutoff frequency 
of about 15 Hz at the input; the bandwidth of Gaussian 
noise extends to de. From the data In Figure 14, the 
minimum, maximum, and average values of power 
in the signal at the output of the noise generator can



Figure 14 
  

Probubility density function of the ac coupled, in- 
verted square of Gaussian notse from IIP 37223 
Noise Generator; ninth division corresponds o 
zero volt,     
  

be obscrved, calculated, or analyzed on & computer 
(assuming some rosistance over which the voltage is 
varying). 
It is important to note that the probability density 
Tunction of the power in 4 signal (across some resis- 
tanee) can be calculated from the probubility density 
function of the signal itsell, as Appendix I verifies 
in more detail: 

y saxt 

implies that 
1 ) - s7yE (P, /2 en, (]/'%) s0) 

where py(:) is the probability density function of @ 
process x and py(-) it tho probability density func- 
tion of the procest y. In some cases, particularly 
when the signal waveform (x)isavatlable but when & 
Squaring device 15 not available, this method of de- 
riving the probability density function of the pover in 
a signal from the signal's probability density func- 
tion would be useful. (The digitized form of the out- 
put of the multichannel analyzer is conventent for 
Computer solutions to problems such as this one.) 
6. Amplitude Probability Density Studies of Alpha 

S T et e e 
M. G. Saunders (see Ref. T) points out that the instant- 
to-instant variability of the wave shape of alpha acti- 
vity seen in the human electroencephalogram appears 
tobe random. In order to study the characteristics 
of this randomness in alpha activity, Saunders deter- 
mined that the amplitude probability distributions of 
the waveforms were Gaussian. The HP 54004 would 
be an excellent tool to determine, perhaps more ac- 

curately, this probability density function of the amp- 
litude of alpha activity. 

Saunders notes that the amplitudes of the peaks of the 
alpha waves were found {0 be of the Rayleigh form: 

-x'/2a’ pn) = X forx20 31 

  

otherwise 

The section In this note on pulse height analysis de- 
scribes how the HP 5400A can measure probability 
density functions of the amplitudes of maxima (or 
peaks) of waveforms; thus the 5400A can make both 
of the statistical measurements that Saunders feels 
are important to the study of alpha activity. If the 
amplitude of the alpha waveform is Gausslan and the 
amplitude of the peaks of the waveform is Rayleigh- 
distributed, then the pattern of alpha activity 1s that 
found in waveforms produced by narrow-band filters 
acting on random noise, and 2 narrow-band filter 
might thus provide a model of the alpha-generating 
mechanism of the brain. 

7. Sound Analysis 
In numerous problems in electronics andother fields, 
the amplitude characteristics of sound are important. 
The use of the HP 5400A in the study of underwater 
noise and other sources of sound noise has been men- 
Honed in the discussion of noise measurement. An- 
other example of its application is in studies of the 
amplitude distribution of voice and of music, Such 
information s important (o designers of audio equip- 
ment. Also, the probability density functions of voice 
and music are important o designers of digital sys- 
tems that handle such signals; for example, optimum 
digital coding of signals would require information 
about the probability of occurrence of the encoded 
voltage levels so that the probability of an error oc- 
curring in a code word and the relative effect of the 
error on the human ear could be minimized for code 
words (representing certain voltage levels) that occur 
with relatively high probability. Moreover, the HP 
5400A can make comparative measurements of voice 
and music signals before and after they bave been re- 
corded, transmitted, or otherwise processed, in order 
to determine the distortion or noise introduced by the 
processing cquipment. For example, the probability 
density function of the signal from the power ampli- 
fier of @ recorder that 1splayingback a musical piece 
could indicate that the amplifier was overdriven and 
thus could give a measureof the distortion introduced 
by the amplifier during that particular piece when the 
recorder was played at a specified volume. The sec- 
tionof this note dealing with measurement of distortion 
discusses in more detail, with an example, this par- 
tleular application of the HP 54004, 

Figure 15 shows probability density functions of volt- 
age waveforms derived from various speech and mu- 
sic patterns. The voltage signal is from a small 
public address amplifier. In Figures 154 through 
15E, the signals fed into a wireless microphone were 
live speech, musical, or noise signals. In Figures 

15



Figure 15 
  

  Probability desity functions of music and voice 
siguals from public address amplifier. 

  

A Nolse in laboratory; microphone placed near 
54004, 

B, Whistled tune, "Mary had a Little Lanb 
C.. Single note, sung (conter pexk caused by nois 

  

D. "Swing Low, Sweet Chariot, " sung tnto micro- 
phone.   

Voice reading paragraph. 
News broadeast. 
Ty Minuets,” Mozart. 
A March in D Major, " Mozaxt, 
“Symphony No.12 in A Minor, " Mendelssohn. 
"It & liard Day's Night," The Beatles; notice 
similarity to 156. 
Piano musie, "Hungarian Folksongs, " Bartok, 
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15F through 15K signals fed into the amplifier were 
from a portable T-transistor radio. 

It is interesting tonote that in mostof these examples 
the probability density function resembles that for 
Gaussian noise, with the most probable voltage level 
generally occurring near zerovolts. Thus voice and 
music signals are, in effect, nearly random. How- 
ever, some of the density functions (in particular those 
representing voice signals) are less rounded at their 
peaks and indicate higher probabilities of the higher 
voltage Levels thun does the Gaussian function. In fact, 
the Laplace probability density function appears to 
characterize speech palterns more closely. 

Figure 15C clearly indicates the background noise on 
the voice and mustc signals by the peak in the function 
around zerovolts, This peak occurred during approxi- 
mately 1 second of “silence” between humming the 
note and pressing the STOP button on the analyzer. 
(The note was hummed for approximately 20 scconds. ) 
In the absence of noise, the Gaussian-shaped peak 
around zero volt in the center of Figure 15C would 
have been replaced by an extrapolation of the rest of 
the probability function except for a relatively large 
count in the channel representing zero volt. 

The ability of the HP 5400A Analyzer to measure 
some of the general properties of speech and music, 
to study particular speech patterns and musical pieces, 
and to provide a measure of the noise and distortion 
on signals introduced by communication equipment 
should make it possible to enhance the quality of 
communication. 

8. Analysis of High Frequency Signals 

The bandwidth capability of the basic analyzer when 
used in the SVA mode of operation is noted on the HP 
54004 technical data sheet.* It starts at a de to30KHz 
bandwidth when addresstng 1024 channels, The band- 
width increases by a factor of 2 as the number of chan- 
nels addressed by the ADC is decreased by a factor 
of 2 up to 2 maximum bandwidthof de to 240kHz when 
addressing only 128 channels of memory. 

‘This upper limit on the bandwidth of the HP 5400A 
Analyzer, however, can be extended by the use of 
either sampling oscilloscape, such as the 1404 or 
1414 with the 14244 and 1410A plug-ins, or the HP 
3403A Vector Voltmetor. When these devices are 
used as down-converters, the Y-axis output from the 
scope or the IF output [rom the vector voltmeter is 
coupled to the ADC and is sampled at a rate deter- 
mined by the sample rate control. An example of 
using a sampling osdlloscope as a down-converter 
for probability density function analysis was given o 
the section on measurement of amplitude modulation. 

1t is important to note that the upper frequency limit 
is not determined by the maximum frequency at which 
the sampler can be synchronized inorder to reproduce 
the high-frequency waveform at  lower (requency, for 

*Thebandwidth limitation of the analyzer ig more ac- 
curately described as a slewing rate limitation. 

the statistics of a signal are preserved by random 
sampling of a stgral by the amalyzer's ADC. Thus 
for very high frequency waveforms that cannot be 
synchronized with a sampler and therefore cannot be 
seen as a function of time on an oscilloscope, the HP 
54004 provides a means of analyzing the amplitude 
information in the signal. The upper frequency band- 
width is Limited by that of the sampler; the HP 8405A 
can sample 1 GHz signals, for example. Figure 16A 
shows the output waveform from a 185B oscilloscope 
that was randomly sampling 2 65 MHz slgnal from an 
HP 606A Signal Generator. All time information about 
the 65 MHz signal is lost and the oscilloscope display 
appears to be random. The probability density func- 
tion of the waveform in Figure 168, however, is that 
of asinusoidal waveform, hence the output of the 54004 
is far more meamingful than i5 the display on the 
sampling oscilloscope. 

The 5400A's SVA mode, in short, provides for awide 
variety of important statistical measurements of amp- 
litude, many of which are otherwise impossible. 

Figure 16 
  

    
Analysis of unsynchronizable waveorms. A. Out 
put wavetorm from 185 oscilloscape randomly 
‘sampling 65 Milz signal for 606A generator. Syn- 
chronizing signal is 1 kitz square wave that 1s in- 
coherent with the 65 MHz signal. B, Probability 
density function of waveform in 164,       
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B. MULTICHANNEL SCALING {MCS) MODE 

The statistical analyzing capability of the HP 54004 
Multichannel Analyzer is not limited to measuring 
amplitude statistics of continuous voltage waveforms. 
Using the multichannel scaling (MCS) mode of opera- 
tion, the analyzer can measure the probability density 
function of nevents (in the form of voltage pulses) oc- 
curring in t seconds, elther with n operating as the 
random variable and ¢ fixed as a parameter orwith t 
operating s the random variable and n fixed as a 
parameter, For example, the analyzer can measure 
the probability that n pulses from a nuclear source 
will occur in 1 ms, o it can measure the probability 
that ¢ seconds will elapse for every five pulses (rom 
the source. In the first case n is ihe variable and in 
the second case t is the variable. Note thatin thefirst 
case the probability density function is discrete, since 
n is discrete, and that in the second case the prob- 
ability density function is continuous since t 15 con- 
tinuous. We shall in the remainder of this appli- 
cation note refer to the probability density function of 
N events occurring in t seconds as py(n, t) When n 
is the random vartable and as py{ng, ) When ¢ is the 
random variable. 

The HP 5400A Multichannel Analyzer can measure 
not only the probability density functions py (n, o) 
and py(ng, €) but also the probability distribution func- 
tions and exceedance distribution functions of n events 
occurring in t seconds witheither n or t the random. 
variable. Inother words, it can provide adirect plot of 
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Thus the person who employs the analyzer to study 
the time and rate statistics of events that are perhaps 
randomly occurring can obtain the required data in a 
variety of forms or in the form most sultable for his 
‘particular expertment. 

  

1. Measuring Probability Density Functions. 
There are twobasic waysto measure these probability 
density functions with the HP 5400A Analyzer. One 
uses the K20-5400A BCD to binary converter and an 
HP Counter. The other uses an HP counter, two de- 
lays, and the STOP and START inputs at the back of 
the 5421A Digltal Processor unit of the 5400A. Fig- 
ure 174 shows the K20-5400A BCD tobinary converter 
plug-in which replaces the ADC plug-in, Note that the 
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only front panel control onthe K20-5400A 15 a column 
selector switch identical to that used on the HP 5804 
and 5814 digital to analog converters, The BCD out- 
put from HP counters can be coupled directly into this 
plug-in. The input requirement is 1-2-4-8 BCD (neg- 
ative 1-2-4-8 also available on special order; 1-2-2-4 
not avatlable). The column selector switch allows se- 
Lection of any three digits from the reading of an HP 

Figure 17 
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Use of HP K20-54004 Multichannel Analyzer. 
A, BCD to binary plug-in. 
B. Diagram of system lor measuring py(n ). 
€. Diagram of system for measuring pyn 0.      



  

counter or nonfloated output from HP digital volt- 
meters. This three-digit BCD tnput allows 0 to 999 
input decoding capability. The twelve-bit BCD input 
(0t0999) s converted to ten-bit binary (00 999). When 
the counter or the voltmeter goes through & gate cycle, 
the data stored In the buffer storage in the counter or 
voltmeter are translated through the plug-in to the 
binary code. The binary number is converted to an 
address location in the analyzer memory. When the 
decoding from BCD to binary is completed, the mem- 
ory data register goes through an add-one-count cycle 
at the memory location addressed. The counter or 
voltmeter goes through a new gate cycle, a new meas- 
urement is made, and a new address to memory lo- 
cation is made, The end result is that each memory 
location, channel 0 through channel 999, corresponds 
exactly tothe valueof the decimal digits being decoded 
through their BCD outpats. For example, if the coun- 
ter reading for the three digits being interpreted was 
572, the analyzer would interpret these digits and add 
one'count at memory location 572. 1f the next sample 
was 538, the analyzer would add one count at memory 
location 538, and 50 on. 

  

The HP 5590A Scaler-Timer is an ideal counter for 
this purpose because of ifs high pulse time resolution 
of about 100 s, its external clock input with o resoly- 
ing time of 0,5 s (allowing a preset time interval of 
0.5 us or greater to be used), and its comparatively 
short dead fime of about 0. 5 ms between gate cycles. 
Withthe 55904, p_ (n, o) can be plotted by the HP 54004 
Multichannel Anafyzer. The voltage pulses represent- 
ing the n_events are input at the count input of the 
55904, with the PRESET TIME control set fo to sec- 
onds (perhaps a pulser set at aknownrateof © pulses 
per second 1 fed into the external clock input of the 
5500A and the PRESET TIME control is set at rt, if 
the desired to is less than 100 ms, which is the nini- 
mum preset gate time when an external clock is not 
used). Finally, the BCD output from the 55004 is 
coupled to the K20-5400A converter. 

  

To measure py(ng, ), with n fixed and ¢ the variable 
of interest, the external clock input and the count input 
are simply reversed from the arrangement just de- 
seribed; that 15, the voltage pulses representing the 
D events from some source are fed into the external 
clock input, and the pulses from the pulser arriving 
at a known Fate r are fed into the count input; thus 1f 
the PRESET TIME control is set at some number 1, 
then the count ' registered by the counter at the o 
of agate cycle is directly proportional to the time t 
(/) seconds it took for the n events fo ocour, 

and the 5400A adds one count af chimel ', The re- 
sult is a probability density function of the elapsed 
time during the occurrence of n, cvents. Figure 17 
shows block diagrams of these systems that measure 
Py(titg) and py(ng, 8 

There may be a confusing detail concerning the time 
relation between the gate puls {rom the S590A and the 
events from the source. The gate signal from the 
5590A turns on immediately following an external 
clock input pulse and turns off immediately following 
the mth external clock input pulse thatoccurred while 
the gate sigral was turned on (where m represents 

the PRESET TIME setting on the 5904). Whenpy(ng, ) 
15 plotted by the 55904, there is a question as to 
whether ng =m or ng=m=-1. i the evenis are 
coherent (Rot random),” then n, = m, that Is, n_ is 
simply the number of events thit occurred during the 
time of the gate signal, and © in the probability den- 
sity function py(ng, t) 15 the length of the gate signal. 
I the events are random (Poisson-distributed, for ex- 
ample), thenn, = m - 1. Note that the beginning and 
end of the gate signal, determining t, are random 
with respect to the events that are within the gate, ex- 
cluding the last event, which triggered the gate to turn 
off and therefore is dbviously coherent with the gate. 
Therefore, the number of events {rom  random source 
that. occuts in a random time period ¢ fs m- 1, 
where m is the PRESET TIME setting on the 55804, 
The last (mth) event serves only as a random signal 
to trigger the end of the time period t and cannot be 
counted as one of the ny events occurring within & 
time period of t seconds. 

  

S e SR 
Po(ng, t) or to Pylng, t and 1 - Pein_, tr), g is uni- i 1 et s Mt ke LR e o T e Wiairve s o e 
An alternative procedure for measuring the probablity 
density functions of n_events ocourring in t seconds 
with either n or ¢ taken to be the variable and the 
other as a_parameter 1s shown in Figures 18 and 19, 
Again an HP counter is an Important component of the 
measuring system, and for the same reasons as those 
mentioned earlier the HP 53904 Scaler-Timer is an 
appropriate choice. For measuring pa(n, o) the coun- 
ter could be replaced by a pulse generator whose 
pulses are of width to. The mode of operation of the 
54004 is MCS. When s START command is issued fo 
the 5421A Digital Processor of the 54004 in this mode 
of operation, channel 0 is addressed by the processor 
for 4 time determined by the SAMPLE TIME/RATE 
control, and successive channels are then addressed 
at the Same rate until a STOP command is issued, 
either manually or by a pulse into the STOP input at 
the back of the 5400A (or until channel 1023 or the 
Iast channel in one of the uartersof the memory de- 
termined by the MEMORY CONTROL GROUP SELEC- 
TORswitch is addressed), at which time the processor 
awaits the next start command and then repeats the 
successive addressing of channels, or stops because 
of the setting on the PRESET SWEEPS control. If, 
while a channel is addressed, m voliage pulses ap- 
pear at the MULTISCALE input of the digital proces- 
Sor, m counts will be added tothe count in the chan- 
nel that is being addressed. 

To measure the probability density function of n 
events occurring in t, seconds, a START command 
Is issued to thedigital processor with avoltage pulse 
in the START input of the processor; the pulses from 
the source are (ed Into the external SAMPLE TIME/ 
RATE control lnput to the digital processor. Thus 
channel 0 will be addressedduring the time before the 
first pulse from the source arrives, channel 1 will be 
addressed during the time between the first and sec- 
ond pulses, channel 2during the time betweenthe sec- 
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ond and third pulses, and so on. A pulse isfed into 
the MULTISCALE INPUT of the 34214 aiter lo sec- 
onds have elapsed since the START commandoccurred 
and channel 0 was addressed; and a STOP command 
via a voltage pulse into the STOP input of the digital 
processor occurs immediately (within 1 or 2 us) fol- 
lowing the pulse to the MULTISCALE INPUT._This 
STOP pulse completes one cycle, and another START 
pulse will begin another cycle. This process s re- 
peated until enoughdata areaccumulated and the pro- 
cessor is switched to the READ mode. The result is 
that one count is added to chamnel n if n eventsoe- 
curred during the time interval of t, seconds; for 
example, if during thetime interval (0,t) ng events 
occurred, then a pulse is added to chamnel ny, and 
if during the time interval (10, 2t,) ny events occurred, 
then a_count is added to channel’ ny, and 50 on. The 
timing chart in Figure 18B provides a clear picture of 
the time relationship between the pulses necessary to 
ield the probability density function desired. 

In order to measure the other probability density func- 
tion of interest, py(ng,t), with t the random variable, 
the relationship between the pulses required is very 
similar to that necessary for the measurement of 
Pyl to). In this case, when pting,t) is desired, a 
START pulse occurs; the channels are addressed in 
succession, beginning with channel 0, at a rate de- 
termined internally by the SAMPLE TIME/RATE 
switch or_externally by an inpat into the SAMPLE 
TIME/RATE input. A pulse is fed tnto the MULTI- 
SCALE input of the digital processor immediately 
followingthe ngth pulse thatoceurred aiter the START 
pulse and, say, t seconds from the oceurrence of 
the START pulse; one count is therefore added to the 
channel corresponding to ¢ seconds. A pulse im- 
mediately following the pulse into the MULTISCALE 
input is fed into the STOP input of the digital proces- 
sor, another START pulse oceurs, and the cyele is 
repeated until enough data have been accumulated. 
Thus a count is added to a channel that is linearly re- 
lated to the time elapsed during tbe occurrence of 

events. For example, il the SAMPLE TIME/ 
RATE control is set at 1 ms per channelor if a 1 kHz 
pulser 15 fed into the SAMPLE TIME/RATE input, and 
then if 50ms elapse while the first n, events oceur, 
one count will be added to channel 5071 45 ms elapse 
while the second n, events occur, one count will be 
added to channel 43, and 50 on. Eventually a prob- 
ability density function of the random varlable t With 
parameter 1o will be provided by the readout of the 
54004 Analyzer. Figare 198 shows the timing chart 
necessary to plot pylng,t) by this method. 

  

The instruments and circuits necessary to provide 
the pulses and the Himing of the pulses shown in Fig- 
ures 185 and 198 can vary according to the user's 
convenience, The HP 5590A Sealer-Timer is a con- 
venient instrument that can provide a signal (its GATE 
output) whose positive slope, indicating the beginning 
of a counting period, can trigger the digital proces- 
Sor to start operation and whose negative slope, in- 
dicating the end of a counting period in which 
exents occurred (or t, scconds clapsed), can trig® 
ger a pulse into the MULTISCALE input of the 5400A 
Analyzer. A short delay of this last pulse will then 
provide the STOP pulse. Figures 18 and 194 show 
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block diagrams of possille eircuits that will result in 
Dn{m, to) and pylng, D), plotted by the 5400A Analyzer. 

A few comments about some of the detalls of these 
£wo methods should be kept in mind. First, if the in- 
ternal clock of the 5400A is used to set the rate at 
which the channels will be addressed when ¢ 15 the 
random variable and when the second method is being 
employed, the TIMING control should be st on CLOCK 
rather than on LIVE time, since it is desirable for 
the channels to correspond foreal time, For example, 
if the SAMPLE TIME/RATE control is set on 10 us 
and the TIMING switch 1s set on CLOCK time, chan- 
nel 1 corresponds tothe time interval 10 £020 s, and 
chamnel m to the time interyal [10m us, 10(m + 1) us] 
whereas if the timing switch is set on LIVE time, 
channel 0 corresponds tothe time interval 0 t012.2 18 
and channel m to the time interval 12. 2m s 0 12.2 
{m+1) us. Second, even though the digital processor 
addresses channel 0 immediately after a START com- 
mand is issued and dwells in channel 0 for the time 
determined by the SAMPLE TIME/RATE control or 
by an external signal applied at the SAMPLE TIME/ 
RATE input to the digital processor, channel 0 does 
not record pulses from the MULTISCALE input as do 
the remaining channels. Instead, it Indicates the 
number of svesps made through fhe memory by the 
digital processor. Thus, pyln = 0, to) and py(ng, t = 0) 
R e e S e 

  

Third, py(n, to) is adiscrete probability density func- 
tlon sincé n 15 an integer, whereas pi(g, t) is a con- 
tinuous probability density function since t is a con- 
tinuous variable. Since the outputof the S400A is digi- 
tal (that is, the horizontal scale representing the 
random varlable is digitized In the form of discrete 
channels), pyin, to) can be measured directly and ex- 
actly, whereas py{no, ) is approximated by the 5400A 
In the sense that it really measures the probability 
hat n, events will occur in the interval (t,t + 4t), 
where 4t is the time selected on the SAMPLE TIME/ 
RATE switch or is determined by an external RATE 
control. Thus, the relative count in channel 4 when 
a rate of 20 s per channel is selected is the proba- 
bility that n,_events occurred in the inferval (80 us, 
100 is). Notice that this same approximation of the 
probability density function takes place in the SVA 
mode where time increments are replaced by voltage 
increments. Fourth, the pulse resolutionof the meas- 
ing system 1s limited by the maximum rate at which 
the digital processor can address channels, which is 
near 3 s per channel when an external clock is used. 
Thus pulse resolution is on the order of 3 s, Also, 
some error is introduced by the delay required for 
the MULTISCALE input pulse and the STOP pulse. 
Minimum width for the MULTISCALE inpat pulse 15 
specified at 25 ns and for the STOP pulse, it is about 
2.5 us. The START pulse can occur within a few 
nanoseconds of the STOP pulse and can remain high 
untid & STOP pulse oceurs. 

Finally, the exact time of initiation of the START 
pulse, in relationship to the occurrence of the n 
events of interest, can affect the results, depending 
on whether the start pulse 1s synchronized with the 
source of the n_events. When an Ext Clock input is 
used to determine the time of the gate of the 55904,
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Alternative method for measuring py(n{,) 
A, System diagram. Several components could vield signals 3 and 4, 

and pulse gonerator with pulse width to seconds could replace 
HP 55904 Scaler-Timer that produces signal 2. Pulse genorator No. 3 
i3 not required if &, is integral multiple of 1 ms, since internil 
elock of 55904 could then be used. 

  

B. Time rolation of signals shown in 184     
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Figure 19 
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Altornative method for measuring. p(ng, ) 
A Systern diagram. Several components could yleld signals 3 and 

4, and pulse generator 3 is not required If one of the sample time 
rate control seitiags is convenieat. 
Time relation of signal shown in 194, 
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the gate will turn on only immediately after a clock 
pulse oceurs (and will turn off immediately aiter the 
number of clock pulses indicated on the preset time 
control has occurred, not including the one that trig- 
gered the gate to turn on). When py(ng, t)isdesired, 
the pulses from the source are fed into the Ext Clock 
input of the 55904 and the gate is turned on for 1, 
pulses; thus the START pulse is initiated by the oc- 
currence of an event and the time elapsed during the 
occurrence of n, events may not be random with re- 
spect to the events, If the cvents themselves are in- 
coherent, however, the event that starts the digital 
processor will be random with respeet tothe succeed- 
ing events and the time interval during the occurrence 
of the n, events will therefore be random with re- 
spect to the events, Some of the examples below will 
clarify this relationship between the START pulse and 
the nature of the probability function that is measured. 

2. Measuring Distribution Fun 
In order to measure dircetly the probability distribu- 
tion function 

  

ions. 
  

tr 
Plngtp = [ pylngtd (32) 

2o 
or one minus the distribution function (the exceedance 
probability distribution) 

1- Pt Dl t)dt 69 
£t 

exactly the same circuits as those described earlier 
(see Figare 19) can bo used. The only changes in the 
measuring system when distribution functions rather 
than density functions are desired are the settings of 
the ACCUMULATE mode and DATA CONTROL 
switches on the 54004, To measure py(ng, ty) the first 
switch should be set on TEST mode and the latter should 
be seton SUBTRACT; to measureone minus Py(ng, ty), 
the exceedance distribution, TEST mode is used and 
the DATA CONTROL switch is left on ADD. Thas, 
for example, if one of the circuits in Figure 19 is set 
W t0 measure pylng, 1), by switching the mode switch 
to TEST and the BATA CONTROL to SUB the prob- 
ability distribution fanction Py(n,, tr) canbe measured. 
(Input into the MULTISCALE inpit of the 54004 can also 
Dedisconnected since it playsno role in the functioning 
of the analyzer when operating in TEST mode.) 

While operating in TEST mode with the DATA CON- 
TROL set on ADD, the analyzer successively addresses 
chamnels at a constant rate r, determined cither by 
the SAMPLE TIME/RATE control or by an external 
imput into the SAMPLE TIME/RATE input. At cach 
channel. that 1s addressed the Count is incremented by 
the number of pulsesfrom the 1 MHz internal clock that 
occur during the time (} seconds) that the channel was 
addressed.  After ng events have oceurred since the 
digital processor began to address chamnel 0,a STOP 
pulsearrives at the STOP input and the digital proces- 
sor stops addressing chanmels and waits for the next 
START pulse. At this time it will begin again to ad- 
dress successive channels, starting with channel 0 

and storing 1/r million counts in each channel until 
a stop pulse occurs again. Thus, in each eycle ((rom 
START to STOP pulse), the probability that a chan- 
nel (c,, say) will be addressed before the STOP pulse 
occurt Is equal to the probability that ty or more sec- 
onds will elapse during the occurrenceof n, events, 
where tT = o/ seconds. For example, 1 r = 5000 
channels per second (SAMPLE TIME/RATE set at 
200 :5), the probability that channel 5 will be ad~ 
dressed and therefore have its count incremented by 
(1 x 10°) 200 is = 200 counts is the probability that 
more than 5/5000 = 1 ms will elapse during the occur= 
rence of n, events. But this probability function of 
t is simply one minus the probability distribution of 
ty, which gives the probability that no more than ty 
seconds will elapse during the occurrence of ng 
events. Thus, it becomes clear how the 5400A will 
eventually measure the exceedance probability func- 
tion after many cycles (experiments) have taken place. 

  

When the DATA CONTROL switch is set on SUB in- 
stead of ADD, and the measuring system s otherwise 
left unchanged, the processor will simply subtract 
counts where in the ADD mode it would have added 
counts. Thus, counts in the memory of the digital 
processor at the end of operation will be the maxi- 
mum count of the memory minus the number of counts 
that would have been there if the DATA CONTROL. 
switch bad been on ADD rather than SUB. Then, after 
normalization, the probability distribution function 
itself can be plotted by the 5400A. 

Figure 20 shows the 5400A Analyzer's display of the 
probability distribution function and the exceedance 
probability functionof the time elapsed during theoc- 
currence of ng = 10 pulses [rom a nuclear detector. 
The SAMPLE TIME/RATE control was set at 100 us. 
The vertical scale is 200, 000 counts per division, so 
1 million counts (five divisions) represents a proba- 
bility of 1, Note that when the probability distribution 
and the exceedance functions both equal one-half, 
(designated by channel 15) is 15 (100 us) or 1.5 ms. 
Therefore, there is a 50-30 chance that the time 
elapsed during the occurrence of 10 pulses from the 
source will be greater than (or less than) 1.5 ms. 

To measure the probability distribution function oF 
the exceedance probability distribution function of n 
events occuring In to seconds where n is the ran- 
dom variable, it is possible toobtain a rough approxi- 
mation of the desired functions using the techniques 
that were described above for Pe(no, ty) and one minus 
Pying, tg). The circult shown in' Figure 18A can be 
used just as if pin, to) Were being measured, except 
that the ACCUMULATE MODE becomes TEST instead 
of MCS and the DATA CONTROL switch s set on SUB 
if the probability distribution is sought, or on ADD if 
the sxceedance distribution function is required. 
(Again, no MULTISCALE input is required.) This 
method, however, does not yield the accurate, quick 
resultsthat itdaes when P(ng, tr) or 1 - Pying, ty) is 
being measured because the number of counts stored 
in each channel from the 1 MHz internal clock of tha 
5400A Analyzer depends an the lengthof time between 
events from the source, since these pulses are fed in- 
10 the external SAMPLE TIME/RATE inpat. Thus, 
instead of storing a constant number of counts In each 
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Figure 20 
  

  

  

        

Probability distribution functions of Png tr) 
(trace 2) and 1 - Pyng,tr) (traca by, P} i ac- 
cumulated infirst balfof momory, 1 - Pyl in see- 
ond hal,       

channel addressed until the STOP pulse occurs to 
seconds after the START pulse initiated a sweep thru 
the channels, the digital processor ncrements each 
channel 2 mumber of counts proportional to the time 
interval between pulses from the source, which is 
varying. So even after several sweeps the counts in 
the channels may vary from channel to channel when 
the probability distribution should in reality be a con- 
stant. The probability distribution shown in Fig. 218 
was obtained using this method; that is, the circuitol 
Figure 1A was used, except that the 54004 was oper- 
ated in TEST mode -- the DATA CONTROL switch was. 
Set on SUB, Notice that where the probability should 
be a constant 0, the distribution of the counts in the 
corresponding channels seems to vary randomly about 
2 mean of zero on the left half of the trace. 

1L the events from the source are incoherent with the 
START and STOP pulses (dstermining the time inter- 
val t,) the problem of a "noisy" histogram measured 
by the 5400A Analyzer can be remedied by allowing 
the data to accumulate for a long enough period of 
time that each channel would eventually contain close 
to the number of counts from the 1 MHZ clock propor- 
tonal to the average time between pulses from the 
source. If the number of cycles (one cycle is from 
START to STOP pulse) Is equal to m, then the aver- 
age mumber of counts per channel (proportional to 
the average time interval between pulses) will grow 
at a rate of m per channel, whereas the variation 
about this average, the "noise", will grow as the square 
root of m, and thus the signal-to-noise ratio will 
grow as the squareroot of m. For some purposes, the 
Tate of the 1 MHz clock 1s (00 great to allow enough 
Tepeated measurements to average out the noise, 
since the memory capacity, 1 million counts per 
channel, is reached after t00 few cycles. For ex- 
ample, if the average time interval between pulses 
from the source is 10 ms, then on the average 
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(1MHz)- 10ms=10,000 counts per cyele are added 
o the first chamnels to be addressed (whose Drob- 
ability of belng addressed 1s near one). In this case, 
only 1 million/10, 000 counts per cyele, or 100 cycles, 
can occur before the capacity of these channels 12 
reached. Only 100 repeated trials to average out 
noise 1, say, a quarter of the memory or in 250 
channels 15 certainly not sufficient, The probability 
distribution function in Fig. 21E, for example, shows 
that the average value for ny, where Py(nr, to) =3 
is near 330 (designated by channel 330). " Since t, 1 
tls example was 0.1s, the average lenath between 
pulses from the source is 0.1/330 = 300 us. The 
Yertical scale of Figure 31B is slightly less than 
200,000 counts per division (the vertical galn vern- 
ier was used), 50 the capacity of the first 300 chamels 
was nearly reached. The number of eycles occurring 
during the experiment to achicve this capacity was 
about 

1 million counts A So0as = 3300 cyeles. 

1t 15 evident that the noise in the distribution is still 
prevalent aiter this many cycles. 

The most stmple solutionto this problem, but one tha. 
requires a relatively long time fo accumulate enoush 
data, 15 to substitute for the internal 1 Mz clock an 
external signal of a constant puise rate lower than 
1 MHz. This pulse signal can be fed into the MULTI- 
SCALE input und the operating mode will be set at 
MCS. In this mode the same process of incrementing 
the counts in the channels will take place as that just 
discussed for the TEST mode; however, because of 
the lower rate of pulse accamulation in each channel, 
more cycles canoccur before the capacity of 1 million 
counts is reached. Thus, the signal-to-noise ratio 
will be improved. 

The exceedance distribution in Figure 21B Indicated 
by the trace that is highon the left (indicating a prob- 
ability of 1) and low on the right (indicating & prob- 
ability of zero) was accumulated using a 6 kHz pulse 
rate from a214A Pulse Generator fed into the MULTI- 
SCALE input of the 3400A Analyzer. The remainder 
of the circuit was left almost like that of Figure 184, 
The entire measuring system is shown in Figure 214. 
Since the average time between pulses from the un- 
known source was found to be about 300 pis, on the 
average 6 kHz - (300 us) = 2 counts per channel per 
cycle, and since each cycle took about £, = 0.1 5, the 
total time required to reach the capacity of about 1 
million counts per channel is around (1/2 million 
eycles) (0.1 per cyele), or about 14 hours. The 
exceedance distribution data in Figure 21B were ac- 
cunulated overnight for about 14 hours, but af this 
sacrifice of time some 500,000 cycles took place; 
thus the signal-to-noise ratio increased by a factor 
of about /500,000/3300~12 over thatof the distribution 
Lunction in the {igure when the TEST mode was use 
Figure 21B does indicate this significant improve- 
ment in the signal-to-noise ratio. 

      

Another approach to this problem calls for a more 
complicated circuit but eliminates the "noise” prob- 
lem and thus requires much less time to accumulate 
the data than does the approach described in the pre-
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Measurement of distribution and exceedance func- 
tons of ny. A. Circuit disgram. B. Trace s, 
"motsy” probabllity distribution function trace b, 
"elean" exceadance distribution function. Trace a 
gonerated in about 1 minute, using olrouitof Figure 
184 with 34004 operating in TEST mode and data. 
control sot on SUB. Traceb gencrated in abou: 14 
hours using circuit of Figure 214,     
  

ceding paragraph. [f a new series of pulses that are 
delayed by a few jisec from the pulses from the source 
entering the SAMPLE TIME/RATE input are fed into 
the MULTISCALE tnput, and if the analyzer is operated 
in the MCS mode in each cycle (from START to STOP. 
pulse) the count in each channel that is addressed in 
the t; seconds of the cycle is incremented by one. 
‘This Gccurs because, shortly after a pulse arrives 
from the source at the SAMPLE TIME/RATE input 
and the digital processor advances to the next chan- 
nel, a pulse will arrive at the MULTISCALE input and 
the’ count in the channel will be incremented by 1. 

Thus the probability that a count will be added (or sub- 
tracted) in 2 particular chamnel (say, C1) 1 the prob- 
ability that at least Cy events from the source occur 
during the time interval of t, seconds; in this way 
an_ exceedance function (or pPobability distribution 
function if DATA control is set on SUB) is accamu- 
lated. Figure 22C shows both the exceedance and the 
probability distribution functions of the number of 
cvents oceurring in t - 0.1 second using the same 
source us that used to generate the functions shown 
in Figure 21B. The functions in Figure 22C took only 
about 3 minutes apiece to generate, and they are rela- 
tively noise-free. Figure 224 shows the block dia- 
gram of the circuit used in the measurement of Fig- 
ure 22C. Notice that the only change in the circuit 
is signal 2, which s fed into the MULTISCALE input 
and is about a 3 s delay of the signal from the source 
being fed into the SAMPLE TIME/RATE input. 

It s clear that with the aidof some external circuitry 
the HP 5400A Multichannel Analyzer has a great deal 
of versatility in measuring the time statistics of events 
from some source. It can measure any of the follow— 
ing probability functions: 

‘Probability Density Functions 
py(ntg) 
P 

  

ility Distribution Functions 

  

Exceedance Probability Functions 

1- Pyiagty) 

1- Bylng, ty) 

Also, the parameters t, and n, canbevariedover a 
wide' range of values; %o can be varied from 0 to 
10,000, the Limit of the preset time of the scaler- 
timer, and to_can be varied a few microseconds (be- 
causeof the limitof about 3 15 between pulses coming. 
from the source into the SAMPLE TIME/RATE 
input) to as high as desired, by foeding info the Ext 
Clock input of the 55904 Scaler-Timer a pulse every 
t, seconds (or t /m secondswhere m isthe number 
h the PRESET TIME dial of the scaler-timer). The 
limitson n_and By are the number of channels avail- 
able in the 5400A; thus the maximum possible . and 
nopin Py, t) and Py (o, to) should be less than 1024, 
whils the mipimum ‘h 4 ny can be 1. The Hmits 
on t and tr in pylng,t) and Pylng, by) are around 3 
a8 at the lower and fa Hmit of tha B400A sampling 
time) and infinite at the upper ond, since an external 
pulse rate into the SAMPLE TIME/RATE input canbe 
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as slow as desired, as lang as it is constant;however, 
the ratioof minimumto maximum t and tp (aswell 
as n and n7) in any one experiment is Hmited by the 
number of channels available. In the caseof the 54004 
this Timit is 1024 channels. For example, if the max~ 
imumpossible t or ty inanexperiment 1s1second, 
then the minimum possible ¢ or ty shouldbegreater 
than 1 ms. 

The following paragraphs suggest some possible appli- 
cations of this capability of the 5400A for measuring 
time and rate statistics of events occurring in time. 
Whenever events that can be converted to voltage 
pulses are occurring at various time Intervals and a 
measure 15 requiredof the distribution of the time in- 
terval or the distribution of the rate of occurrence 
of the events, the analyzer may prove invalusble. 
Such applications arenumerous andonly a few of them 
are mentioned here. Before specific practical exani- 
ples are suggested, the most important theoretical 
example of py(n,t,), the Posson probability density 
function is discussed and compared with a statistical 
measurement by the HP 3400A Analyzer of  Polsson 
process. 

3. Measurement of a Poisson Distribution. 

In Appendix I the Polsson distribution 
i tgn 

Pyt = (/?‘_* e i 

is derived. This is the process of randomly occurring 
events where the probability of an event occurring in 
a certain time interval is statistically independent of 
the number of events thatoccurred in a previous time 
interval, and where _is the average rateol oceur- 
rence of the events. In other words, the Poisson 
process 1s the random selection of points on the time 
axis such that polnts in non-overlapping intervals are 
independent. 

It is exciting to watch the 5400 analyzer plot the 
Poisson probability density function, which has pre- 
viously been only 4 theoretical equation. Among many 
other uses, the 54004 would be a valuable teaching 
tool that would demonstrate to students of statistics 
and probability theory the reality of suchdistributions 
as the Poisson probability density function, just as 
the CRO demonstrated the reality of the sinusoidal 
equation, 

Figure 23 shows the output of an HP plotter that was 
connected (o the 5431A Display Plug-in of the 54004, 
The analyzer was used to plot the probability density 
function of the number of pulses given off bya nuclear 
source (cesium) in 2 time interval of t, = 2.5 ms. 
The measuring system is shown in Figure 24. Super- 
imposed on the plot from the 5400A Analyzer in Fig- 
ure 23 1s the theoretical Poisson probability density 
function, py(n, o), with the parameters tos 2.5 ms 
and i = 2000 pulses per second. The close corres- 
pondence between the two functions indicates that the 
pulses from the cestum source are Poisson-distributed. 
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Figure 22 
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Altermative methad for measuring distribution and 
exceedance functions of nr. A. Circult dlagram. 
Accurmulate mode was MCS; data control switch 
was on ADD for 1 - Py () and SUB for Py(.). B. 
Signal time chact; signal 2 ia 3 s delay 'of signal 1. 
Positive slope of signal 3 starta S400A; sigoal 3 
remains bigh for t, = 0.1 5. Signal 4 stops S400A. 
C. Trace a is Py(ipy by trace b 1s 1 - Pyfar, o) 
Time to perform both experiments was about 6 
minutes. Horizontal scale is 512 channels full 
scale and fndicates . 
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Theoratical  Poisson probability density func- 
tion and actual probability deasity function of 
pulses from cesium nuclear source: 4= 2000 counts 
per second; fo = 2.5 ms.       

4. Time Statistics of Nuclear Pulses 

‘The probability density or distribution functions of n 
pulses from a nuclear source occurring in a time 
period of t, seconds, and of the length of the time 
interval in Which exactly n, muclear pulses occur, 
can be plotted by the HP5400A Multichannel Analyzer 
using either of the two procedures described above. 
Moreover, by using the HP 55834 Single Channel 
Analyzer, the heights of the pulses being counted and 
analyzed by the 5400A can be specified as another 
parameter of pyin,to) or of pyng,t). That is, 
pulses greaterthan O equal to V volls or pulses equal 
10V £ 0,015 volt can be analyzed by using the Emin 
or AE mode of operation with the 5583 Analyzer. 

Figure 24A shows the entire block diagram for acir- 
cuit that was used to measure several probability 
density functions of the mumber n of pulses from a 
cesium source that occurred in the time period t 
seconds, that is, Of py(n,to), for various values of 
the parameters iy, pulse helght V, and average rate 
of pulse occurrence . The parameter ty is deter- 
mined by the preset time setting on the 55004 and the 
Tate of the clock pulses from the pulser. Pulse height 
V is set by the 5583A Analyzer discriminators, and 

the pulse rate is varied by changing the distance of 
the source or sources {rom the detector. Figures 
24B through 241 show the results. 

Figures 24B through 24F are measures of p,(n,t)) 
when all the parameters except t, are kept colsta 
They all appéar to be Poisson probability density func- 
tons; this observation can be checked roughly by 
comparing their shape with the Poisson distribution 
as well as by locating the maxima of the probability 
density function. Appendix 1 shows that the maxima 
of a Potsson probability density function 

20 e fote] ) o 

  

20t =   

occur at n= ity andat n= o -1 and are equal. 
The locations of the maxima of the plots in Figures 
24B through 24F agree closely with this theoretical 
value, ¥ 

Figure 24G shows py(n, to) with all the parametors 
held constant except V. AS mentioned previously, the 
55834 determines V by the setting of its discrimina- 
tors. Notice that the probablity density functions In 
24G are all nearly the same and are close approxima- 
tions to the Poisson distribution. 

Figure 24H shows py(n,to) with all the parameters 
held constant except s . Notice that the peak of the 
‘probability density function oceurs again near n = it 
andn= i, - 1, as it does in the case of a Poisson 
probability density function, and that the deviationof 
the functions about thelr peaks Increases as i n- 
creases. 

Figure 241 shows the equivalent dependence of p,(n, to) 
on i and ty; that is, doubling ¢ _while keeping by 
constant ylalds the sime probability density function 
as when t, is doubled and ;i held constant. This 
is predictible assuming that pn(n, to) is Poisson- 
distributed and fs therefore equal {0 

(#to) 
W et 

for 4 and t, always appear together in this proba- 
bility density function as ity 

Figure 25 shows ablock diagram of the entire system 
that measures the probability density function py(ny, 
of the time period t that elapses during the occur- 
ence of n, pulses from a nuclear source, whose 
pulse heights are V volts determined by the 5583A 
analyzer and whose pulse oceurrence rate is u meas- 
ured by the 55904 Counter before the experiment takes 
place. Notice the similarity between this setup and 
the onc in Figure 244, and the ease of switching from 
one measuring system to the other. Figures 23B thru 
25H show the results of experiments when the param- 
eters ng and ji were varied. 

*Notethatthe (n + 1)st dotinthese figures represents 
the nth channel of the digital processor and indicates 
the probability that n pulses will oceur fn to seconds. 
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as slow as desired, as long as it is constant;however, 
the ratioof minimumto maximum t and tp (aswell 
5 n and ny) in any one experiment is limited by the 
number of channels available. In the case of the 54004 
this limit 15 1024 channels. For example, if the max- 
imumpossible t or b inanexperiment is1second, 
then the minimum possible ¢ or ty shouldbegreater 
than 1 ms. 

‘The following paragraphs suggest some possible appli- 
cations of this capability of the 5400A for measuring 
time and rate statistics of events occurring in fime. 
Whenever events that can be converted fo voltage 
pulses are occarring at various tme Intervals and a 
measure is requiredof the distribution of the time in- 
terval or the distribution of the rate of occurrence 
of the events, the analyzer may prove invaluable. 
Such applications arenumerous andonly a fow of them 
are mentioned here. Before specific practical exam- 
ples are suggested, the most important theoretical 
example of py(n,t,), the Poisson probability density 
fanction 1 dizcusséd and compared with a statistical 
‘measurement by the HP 5400A Analyzer of a Poisson 
process. 

  

Measurement of a Poisson Distribution,   

In Appendix I the Poisson distribution 
[ 

HE R i ) 

is derived. This isthe process of randomly occurring 
events where the probability of an event ocourring in 
a certain time interval is statistically independent of 
the number of events thatoccurred in a previous time 
interval, and where ;. is the average rateof oceur- 
rence of the events. In other words, the Poisson 
process is the random selection of points on the fime 
axis such that points in non-overlapping intervals are 
independent. 
It is exciting to watch the 5400A analyzer plot the 
Polsson probability density function, which has pre- 
viously been only a theoretical equation. Amang many 
other uses, the 5400A would be a valuable teaching 
tool that would demonstrate to students of statistics 
and probability theory the reality of suchdistributions 
as the Poisson probability density function, just as 
the CRO demonstrated the reality of the sinusoidal 
equation. 

Figure 23 shows the output of an HP plotter that was 
connected (o the 54314 Display Plug-in of the 54004, 
The wnalyzer was used to plot the probability density 
function of the number of pulses givenoff by a nuclear 
source (cesium) in a time Interval of to = 2.5 ms. 
The measuring system is shown in Figure 24. Super- 
imposed on the plot from the 5400A Analyzer in Fig- 
ure 23 is the theoretical Poisson probability density 
function, pn(, L), with the parameters to= 2,5 ms 
and 000 pulses per second. The close corres- 
pondence between the two functions indicates that the 
pulses from the cesium source are Poisson-distributed. 
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Alternative method for measuring distribution and 
exceedance funetions of nr. A. Circult diagram. 
Accamulate mods was MCS; datacontral switch 
was on ADD for 1 - By (') und SUB for Py(.). . 
Signal time chart; sigual 2 io 3 ps dolay 'of signal 1. 
Positive slope of signal 3 starts 54004; sigaal 3 
Temains high for t, = 0.1 =, Signal 4 stops G400, 
C. Trace a is Py(ap,toh,trace b is 1 - Py, tg) 
Time to perform both experiments was about 6 
mintes. Horlzontal scale is 512 channels full 
scale and indicates . 
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4. Time Statistics of Nuclear Pulses 

‘The probability density or distribution functions of n 
pulses from a nuclear source occurring in a time 
period of t, seconds, and of the length of the time 
interval in Which exactly n, muclear pulses occur, 
can be plotted by the HP5400A Multichannel Analyzer 
using either of the two procedures described above. 
Moreover, by using the HP 5583A Single Chamnel 
Analyzer, the heights of the pulses belng counted and 
analyzed by the 5400A can be speclfied as another 
parameter of pyylo) or of pli U, That is, 
pulses greater than or equal to V volts Or pulses equal 
to V + 0.015 volt can be analyzed by using the Emin 
or AE mode of operation with the 5383A Analyzer. 

Figure 24 shows the entire block diagram for a cir- 
cuit that was used to measure several probability 
density functions of the number n of pulses from a 
cesium source that occurred in the time period t 
seconds, that 15, of py(n,to), for various values of 
the parameters Lo, pule hoight ¥, and average rate 
of pulse occurrence ;. The parameter t, 1s deter- 
mined by the preset time setting on the 5590A and the 
rate of the clock pulsesfrom the pulser. Pulse height 
Viis set by the 55834 Analyzer discriminators, and 

the pulse rate is varied by changing the distance of 
the source or sources from the detector. Figures 
24B through 241 show the results, 

Figures 248 through 24F are measures of p(n,t) 
when all the parameters except t, are kept colstart. 
They all appear to be Poisson probability density func- 
tions; this observation can be checked roughly by 
comparing their shape with the Poisson distribation 
as well as by locating the maxima of the probability 
density function. Appendix 1 shows that the maxima 
of a Poisson probability density function 
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occur at n=uty andat n=uty -1 and are equal. 
The locations of the maxima of the plots in Figures 
24B through 24F agree closely with this theoretical 
value, * 

Figure 24G shows py(n, o) with all the parameters 
held constant except V. AS mentioned previously, the 
53834 determines V by the setting of'its dlscrimina- 
tors. Notice that the probability density functions in 
24G are all nearly the same and are close approxima- 
tions to the Polsson distribution. 

Figure 24H shows py(n, to) with all the parameters 
held constant except <. Notice that the peak of the 
probability density function oceurs again near n = it 
and n = ity - 1, as it does in the case of a Polsson 
probability density function, and that the deviationof 
the functions about their peaks Increases as 1 in- 
creases. 

Figure 241 shows the equivalent dependence of p, (5, o) 
BT T A T e L 
constant yields the same probability density Nunction 
as when to is doubled and 1 is heldconstant, This 
is predictable assuming that p(n, to) is Poisson- 
distributed and is therefore equal {0 Ty 

for i and t, always appeartogether in this proba- 
bility density function as. fity. 

Figure 254 shows ablockdiagram of the entire system 
that measures the probability density function py(n,, t) 
of the time period t that elapses during the occur- 
ence of n, pulses [rom a muclear source, Whose 
pulse heights are V volts determined by the 5583A 
analyzer and whose pulse occurrence rateis u meas- 
ured by the 5904 Counter before the experiment takes 
place, Notice the similarity between this setup and 
the one in Figure 24A, and the ease of switching from 
one measuring system to the other. Figures 258 thru 
25H showthe results of experiments when the param- 
eters ny and u were varied. 

#Note thatthe (n + 1)st dotin these figures represents 
the nth channel of the digital processor and indicates 
the probability that n pulseswilloceurin to seconds. 
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Figure 24 
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‘Probability density functions py(n ) of pulsas 
from a costum source.  Pulse heights are ¥ 
0.015 volt and average rate fs 4 pulses/ second. 
I B-G, fixed 4= 2000 pulses/second.  Signal 
timiog s shown in Figure 155, 
A Circuit dingram. 
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t=2/u (upper) and Y (lower) 
Vst (upper) and 6/ (lowen). 

  

  0= 10/u (upper) and 20/4  (lower). 
t,=200/4 . Marker indicates channel 200; 
s the mode of p,(1t,) Is n =200 = gy, 
as 16 heoretically predicted if the process 
s Poisson-distributed.   
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Figure 24 (cont'd) 
  

  

  

  

  
    
  

    

          

  

   

  

  

  
    

  

  

    
    

  
  

  

  

          

        
  

  

  

      
        

  

G Fisodty= 4 me, andV=1volt  H. Fixedt =3 me, andV=lvall T FisedV, =1veléu=2000 palsca 
e iy 178 el g 5= 100 pulsos por second (1p-  per second and & -  ms (upper 
i 3 velts Qo 100 h 4nd | L e Erdoa st S B000 lens Ryl s e 
vlte (lower right Por socond flower trace) and nd 1, - & m (lowr trace 

Note the foprababilty denstty 
mcttons ae eatica. 

Figure 25 

L DISCR A st 085, 

[ ] Wr [ee cumer S 
e FFiS - ey 5 | e o 

B, seng BecAatuaLY’ “TiER T 

e ORRE T AR 

Ecm 

!n:s;fi;»{ n 
TeicoER L ey 

Probabilty deaslly functlona pnce ol pulsss 2000 pulsss/second.  lgna tming i shown 
from » morioat souren.  Pulsé Belghta are ¥ Ia Figuro 195, 
il e e e e/ 
nd. InB-F, fned V- lvolland fed~  A. Circutt diagrem.   
  

20



  

Figure 25 
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Left half of B expanded horizontallyin, 
(upper trace) and o= (lowor trace). Hor- 
tzontal scale 50 s per dol, 
Righthalfof B expanded horizontally; 0y=1 
(upper trace) and n, =3 (lower trace). e~ 
izontal acale fa 5048 per dot. 
Upper trace, 1o =10 pulses, horizontal 
scale 50 ¢s per chanel; lower trace, ng 
= 100, horizontal scale 500 us por chan- 
nel. In both cases 512 channels is fal scale. 
Horizontally expanded picture of E. T up- 
per trace, Lrst marker desiguates chan- 
nal 100 and thus represents 

  

    

In lower trace, last marker designates 
chaunel 612 or 100 chanels from the ori- 
g, aud thus represents 

  

_sotus % oLOpS 100 chanels = 50 ms =1, i 

  

G. pyfng = 3,0. Fixed V=1 volt and i = 1000 
pulses/second {upper trace) and 4 = 2000 
pulses/second (Iower trace); horizontal 
scale is 500 us per chanael (per dot) 

H. pylng = 5,1 With V = $valt, 4 =2000 pulses 
/second, aud borizontal scale s 0.5 ms per 
dot (uppor trace). = 1000 pulses/second 
and horizontal scale is 1 ms per dot (lower 
trace). 
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Figure 258 shows four probability density functions 
with ; held constant and n,, varied so that in the 
upper left portion of the trate ng = 0, in the upper 
right portion n, = 1, in the lower Left portion n,, = 2, 
and in the lower right portion o, - 3. In all casds 
2000 pulses per second. Figufes 25C and 25D show 
an expanded picture af these four probability density 
functions.  Figure 25E shows the functions py(n, t) 
When = 10 and ng = 100 for the upper and loyer 
traces, respectively. In both cases 4 was 2000 
pulses per second. 

    

  

Figure 25F, an expanded view of 25E indicates the 
channel location of the peaks of the functions. Fig- 
ure 25 shows bwo different probability density func- 
tions of ¢ when n, was held constant at 5 pulses and 
4 was varied. Notice the heightening and narrowing 
of the fuiction when (i was increased, The time 
scale in all cases was 5 ms per channel. Figure 25H 
compares two functions in order to show the relation- 
ship between 1 and the scale of the time axis; the 
upper picture is with 1 = 2000 and the time scale set 
at 0.5ms per channel, the lower trace 1s with ;1 = 1000 
and the time scale set at 1 ms per channel. Doubling 
the time scale and halving the rate results in an iden- 
tically shaped probability density function. 

  

Appendix 1 shows that the probability density fanction 
of the time ¢ clapsed during the oceurrence of 1y 
events 1s 

o t g -u 
plagti=n L8 o @5 

f the events from the source arc Poisson distributed. 
Comparing this equation with the probability density 
functions In Figures 238 through 25H shows that « 
Polsson process as we discoveredabove when py(n, to) 
was measured, For example, the maximum of the 
function of Eq. 35 is located at t = n_/i, as Appen- 
dix T shows; Figures 25C, D, and F in Barticular dem- 
onstrate that the locations of the maxina of Prlng, 
from the cestum source are quite close to the theo- 
ratical values. 

  

In the upper trace of Figure 25F, for example, the 
first marker designates channel 100, Stnce the time 
scale of the probability density funciion is 50 s per 
channel, channel 100 represents the time interval 
(5 ms, 5.05 ms), and since =10 and u 000 
the théoretical maximum of this function should oceur 
at 10/2000s =5 ms. Inthe lower trace, the last 
‘marker indicating the peakof this function designates 
channel 612; since the second hall of the memory of 
the 54004 analyzer was used, this marker designates 
the 100th channel from the "origin. " Since the scale 
on the time axis s 500 s per channel, the marker 
indicates the time interval (50 ms, 50.5 ms). This 
interval corresponds closely with the theoretical value 
of 100/2000 s = 50 ms when ,: = 2000 pulses per sec- 
ond and n, = 100 pulses. 

      

5. Freguency Distribution, 
Since [requency is & measure of the number n of 
events that aceur in 1 second, a measure of its prob- 
ability density function can bé made with either of the 

two procedures discussed above. For example, 1if 
the frequency dispersionof a microwave signal source 
were to be plotted, a 5245L Counter with its appropri- 
ate frequency converter plug-in, along with the K20 
5400A BCD to binary converter plug-in, could be util- 
ized to make the frequency measurement. According 
1o the instability noted in the initial measurements, 
the appropriate three digits could be selected by the 
column selector switeh of the K20-5400A plug-in. 1 
the counter were allowed to run continuously iong 
enough to acquire 2 good statistical sample of data, 
a distribution plot could be made of the short-term 
frequency variations aromd a center frequency. A 
plot of frequency dispersions similar to that shown 
in Figure 26 would be the result, The horizontal scale 
it 10 Hz per minor dot or 100 Hz per major dot. The 
vertical scale is 20 counts/cm. The center of the 
distribution is 6630 Hz and its maximum excursions 
g0 rom 6300 Hz to 6910 Hz. 

Figure 26 
  

Probability density function of frequency, 
Byinty = 1 second). Horizontal seale 10 Hz per. 
dat, 180 tiz per minor dot.       

Such frequency distribution measurements might be 
useful in determining the instabilities of a very good 
frequency standard such as a cesiumbeam or a rubi- 
dium standard, 1f the long-term aging effects for the 
frequency stondard are essentially negligible for the 
period of time that data are being accumulated, the 
resultant plot will show the distributionof the instabili- 
ties around the center Irequency of the oscillator. 
Each dot that represents memory location in the ana- 
Iyzer is in itself afrequency calibration point accord- 
ing to the digits being interpreted from the counter. 

6. Period and Phase Distribution 
The 5400A Analyzer can measure the probability den- 
sity Tunction of the frequency of a waveform bot also 
the period of a wavelorm, since this function is simply 
the probability density fonction of the time elapaed 
during the ocourrence of n, = 1 event (or period), 

Bty = 1,0 (36) 
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Either of the bwo methods described above for meas- 
uring py(ng, O can be used. Thus such useful meas- 
urements %s pulse time jitter can be made with the 
54004 Analyzer, 

Furthermore, if phase distribution between two wave- 
forms or between two points onthe same waveform is 
desired, it can easily be measured with the 5400A 
Analyzer. The same technique as that used to measure 
period distributions can be employed, except that a 
counter is not necessary, since two different pulse 
stignals are available. * The measurement is made by 
first producing pulses at the points on the waveforms 
that designate the phases to be compared; that is, if 
the phase angle between two sinusoidal waveforms is 
desired, one can, for cxample, generate bwo sets of 
pulses at the positive zero crossings of each of the 
waveforms. One of these pulse signals is thenfed in- 
1o the START input of the 5400A and the other (later) 
pulse signal is fed into the MULTISCALE input. A 
short delay (a few hundred nanoseconds) of this sec- 
ond pulse signal is fed into the STOP input, the func- 
tion control is set on MCS, ard the SAMPLE TIME/ 

*Note that ‘phase difference” is here taken to denote 
time diiference, i.e. , the time between the two points 
whose phases are being compared, The phase differ- 
ence is deduced simply from the time difference as 

2 6 = Y radians 

where t is the time Interval between the two points 
o interest on the waveform(s) and T is the periodof 
the waveform(s). 

RATE control is s0 set that the average phase dif- 
ference corresponds to one of the middle channels; 
for example, if the phase difference is inthe neighbor- 
hood of 10 ms, then 20 usec per channel might be 
conventent. Figure 27A shows a block diagram of a 
possible measuring system that would record the prob~ 
ability density functionol the phase difference between 
two waveforms; 278 shows the time chartof the rele- 
vant pulses in the system. 

7. Production Rates 

The HP 54004 may be a valuable instrument to pro- 
vide the automatic measurement needed to dstermine 
the distribution of the number of ltems produced on 
an assembly line or 1n a plant in a given time period. 
For example, the analyzer could provide a plot of the 
distribution of the number of resistors of a specified 
value produced in one day. It could also be used to 
determine the probability density function of the time 
period it takes to produce one item. 

8. Telephone Call Distribution 
Designers of telephone communication systems will 
find the HP 54004 an important tool for optimizing 
telephone line routing or determining the frequency 
o calls on agiven lineor the distributionof the length 
of time of calls in a cortaln location. The analyzer 
will provide the probability density functions of n 
events happening in t seconds, with either n or t 
the random variable. 
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9. Distance Distribution Using Radar Pulses 

The HP 54004 Analyzer could be essential in a mea: 
uring system that determines the probubility density 
function o the distanceo an object from anabserver. 
If an object is moving around some mean position, 
the 5400A could be used to determine the deviation 
of its position with respect o the observer. In this 
application, the radar pulse sent would also trigger 
the digital processor of the 54004 to star its sweep of 
the channels. The return pulse would trigger a pulse 
into the MULTISCALE inputof the 5400A; immediately 
thereafter a STOP pulse would be fed into the STOP 
input of the digital processor. The SWEEP TIME/ 
RATE control would be set so that the mean time be- 
tween the sent pulse and the return pulse corres- 
ponded o a channel near the center of the channel 
range. Thus the 5400A would provide a plot, in digi- 
tal or analog form, of the probability density func- 
tion of the time elapsed between the sent radar pulse 
and the return pulse and thus of the distance of an 
object from the observer. The measuring system 
would be identical to that Shown in Figure 27 for do- 
termining phase distribution. The sent radar pulse 
would be signal 3 and the recetved pulse would be 
signal 4. 

  

10, Distribution of Shot Noise Pulse 

  

‘The nature of noise in & system isoften of fnterest to 
designers and users of the system. When shot nofse 
(that 1s, pulses of noise) occurs, the distribution of 
this noise with respect o time can be measured using 
the 54004, Usingone.of the systems shown in Figures 
17, 18, and 19, cither the probability densify function 
of"the number of noise pulses oceurring in a given 
tima period or the probability density function of the 
time elapsed during the occurrenceof 4 given number 
of notse pulses can be measured. 1t would be of parti- 
cular Interest to determine whether the noise pulses 
‘occur randomly with respect to time--that 1, whether 
they are Polsson-distributed or whether they are co- 
herent. Measuring the distribution of the number of 
pulses occurring in a given time period, Py, t), 
and comparing this probability density function with 
the Poisson probability density function will determine 
whether the pulses are random or coherent, 

11. Error Probability Density Functions. 

1 voltage pulse can be triggered when an error oc- 
curs in a system, the HP 5400 can be used to meas- 
ure the probability density function of the number of 
errors {or successes) with one of the systems shown 
in Figures 17, 18, and 19. Moreover, even though 
the trials (in which either successes or failures can 
occur) are not linearly related to time, the probability 
densily function of the number of failures or successes 
n ina fixed number t, of trials or of the number of 
trials t it takes for 3 fixed number n, of failures 
or successes to occur can be measured With the ana- 
lyzer in one of these three systems. In this case the 
pulses indicating time in these igures would become 
pulses indicating trials. Thus, for example, if py(n., ) 
is desired (that is, if the probability density funcfion 
of the number of trials t that are required to obtain 
ng failures or successes is required), the input to 

the SAMPLE TIME /RATE input of the digital proces— 
sorof the 54004 Analyzer in Figure 19 would be pulses 
representing the trials, while the input tothe Ext Clock 
input to the 5590A Scaler-Timer would be the pulses 
representing the failures or successes, and the PRE- 
SET TIME setting of the 5590A would be no. Such 
important measures as the percent distribution of 
errors in a digital communication system, for ex- 
ample, could be made with this system. 

Animportant exampleof the use of the 5400A Analyzer 
for error probability messurements is in clectro- 
optical systems. C.P. Pittman (Ref. 6), describes 
how photon-counting detectors make.eloctro-optical 
receivers more sensitive to changes n light intensity 
and less sensitive (o background noise than do signal- 
averaging detectors, The primary reason for the 
greater sensitivity of photon-counting detectors is that 
the probubility of 8 ‘false alarm" (that s, of detecting 
4 pulse that is the resultof nolse and no signal) canbe 
minimized, while the probability of detecting a signal 
when it occurs can be maximized, using statistical 
techniques. The basic assumption of the analysis is 
that the noise and signal pulses are both random and 
independent; that is, they are Poisson-distributed so 
that the average nuriber of signal pulses per second is 
g thus the probability density functions of the noise 
and of the noise plus signal are 

Byt = ta)” orinto @n 
  

and n 
[‘“N‘“s"u] “lint gty g it = =N T8 o 5.t W 8 

The measuring system, then, detects each pulse due 
to noise or to a photon signal plus noise, amplifies 
these pulses, counts them, determines if the count 
during 4 specified time t, 1s above a threshold, and 
indicates that a signal is present, depending on whether 
the threshold was exceeded. Figure 28 shows the block 
diagram of the system. It is evident that if the thres- 
hold is set too low, a signal will oiten be indicated by 
the system when only noise pulses occurred, whereas 
if the threshold s set too high there will be many in- 
stances when a signal occurs during the time period 
of the counting but is not indicated by the signal in- 
dicator. Pittman observes that the probability, given 
@ certain threshold ny, that a false alarm will oecur 
is 

(39) 

  

and the probability that a signal will be detected if a 
signal (photon) occurs during the counting period to 15 

Ay 

1-Z  py, glnty (40) 
n 

    

He then draws nomographs of noise power it ver- 
sus signal detection probability o , with linel 8f con- 
stant threshold np.  Using these graphs one can find 
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the values of unknown parameters if the related par- 
ameters are specified, For example, given the oise 
power iy, the period of the count t,, the threshold 
0T, and the minimum signal detection probability, e, 
the signal-to-noise ratio {g/yiy)and the false alarm 
probablliy, #,can be deterfiindd. 
‘With the KP 5400 Multichannel Analyzer, the par- 
ameters a and  can be measured directly. Thus 
determinationof the correct threshold that will maxi~ 
‘mize signal detection probability  and minimize false 
alarm probability # becomes much easier than the 
tedious method described by Pittman, This measure- 
ment {s made by exploiting the 54004 Analyzer's abil- 
ity to measure one minus the distribution function of 
B events ocourring in to seconds, described above. 

Sing the MCS mode of the 5421A Digital Processor, 
feeding into the SWEEP TIME/RATE input the pulses 
from the detector when no signal is present (when 4 
is measured) or when signal plus noise is present 
(when o 15 measured), feeding into the MULTISCALE 
input a short delay of these pulses from the detector, 
feeding the gate of the counter into the START inputof 
the 5421A Digital Processor, and fceding a pulse trig- 
gered by the end of the gate t, seconds long into the 
STOP input, both o and 8 as functions of threshold 
Ry can be plotted alternately by the 54004, (It con- 
venient, a could be plotted in the second half. ) From 
these plots, taken periodically, the optimum by at 
any one time that will yield a Signal detection prob- 
ability above a required minimum and a false alarm 
probability below a desired maximum can be stmply 
observed and the threshold of the signal indicator in 
the detection system can be correctly adjusted, How 
often these measurements of a and # are taken and 
how often the necessary adjustments of the threshold 
are made will depend upon how fast the rate of noise 
pulses and the photon pulses are varying. (For ex- 
ample, nolse will vary partly because of background 
light changes.) Figure 2B shows the block diagram 
of a possible detection system using the 54004, 

It should be noted that using the 5400A Analyzer in 
this application not only makes calculation of the 0p- 
timum parameters of the system far easier, but also 
the assumption that the nolse and the noise plus signal 
are Poisson-distributed may be discarded, for the 
analyzer gives the signal detection probability o and 
the false alarm probability 8 no matter how they are 
distributed. Thus, if the noise pulses are in some 
way coherent with themselves with the signal, use of 
the analyzer to measure signal detection probability 
and false alarm probability would yield correct 
results. 

12. Switching Time of a Random Binary Source. 
  

The second method mentioned ahove for measuring 
the probability density functions of n evenis in { 
seconds, with either n or t as the random variable, 
was used to study the statisticsof the switching times 
from the random binary output of a 3722 Noise Gener- 
ator. In other words, tiie probability density functions 
of the number of switches from high to low voltage 
levels (logic 0 1o logic 1) in a given time period t, 
and of the time ¢ elapsed during the oceurrence of 
no switches in voltage lovels were plotted by the 
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54004, Figures 294 and B give the blockdiagrams of 
the measuring systems employed, while 29C shows 
the time charts of the relevant pulses in the system, 

In this example, the clock from the 3722A which de~ 
termines possible switching times for the random 
binary output was used to provide the timing In the 
measuring circuits, Thus there s a direct correla- 
tion between the START and STOP pulses and the 
times of switching . The probability density func- 
tions in Figure 29 show this correlation dramatically. 

Figures 20D through 291 are plots of py(n, o) using 
the measuring system shown in 294, Appendis 1 gives 
a caleulation of the theoretical probability densify 
function of n switches in t), trials (in this casealso 
in fo /e seconds, wibre r is the rate of the 
clock in the notse generator): 

Byl ty) = 6 () - 
where binomial coefficients are defined as 

  
  

  

o) @0 
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for tntegral values of m and r. Comparing this 
Bernoulli_probability density function with those of 
Figures 29D-1 show @ close correspondence (ex- 
cept for the probability of zero switches occurring, 
which is not recorded by the 5400A Analyzer because 
channel 0 does not record cownts). Notice, for ex- 
ample, that the funetion in Eq. 41 is always symmet- 
rical for_any value of t, chances for a switch to 
occur.  Figures 29D-1 verily this theoretical 
observation. 

Figures 261-M show plots of probability density func- 
tlons of the time required {or trials necessary) for 
ny switches to oceur for various values of ng, using 
the measuring system shown in29B. Here the synche 
Tonization of the time pulses with the event pulses Is 
dramatically evident, for the probabllity density lunc- 
tions are discrete because of this correlation. Ap- 
‘pendix I gives a calculation of the probability density 
function of ¢ seconds (or of = rt trials where 
i the rate of the clock of the noise generator) occur- 
ring during which time n, switches take place when 
the beginning of the counting period of the t scconds 
is synchronized with the switches as it is in this 
example. 

  

B ew-m 

  

St d ae-5) 42) 

where 
K=ng, o+l 0,42, ... 

‘Theappendix gives a definitionof &(t). Comparing this 
equation with the plots in Figures 20J-M indicates a 
close correspondence, For example, in 20K, zero 
counts oceur inall but channels 10, 15, 20, 23 
indicating time intervals (200 us, 220 us), (300 L, 
320 45), (400 15, 420 us), and so on, espectively, since 

  

  

 



  

4 SAMPLE TIME/RATE setting of 20 :s per channel 
was used; these time intervals of non-zero probability 
agree wiih the theoretical value given in Eq, 42 for 
= 2 and 1 = 10 kHz, which has non-zero probability 
af t=200 s, 800 5, 400 s, and 50 on. 
13, Distribution of Zero Crossings. 
In conjunction with a zero erossing detector, the 54004 
Analyzer can be used to measure the probability den- 
sity functions that n zero crossings will occur in a 
fixed periodof time f, or that ¢ secondswill elapse 
during the occurrence of ng zero crossings, using 
oneof the measuring systems shown in Figures 17-19. 
Using the Gaussian output of the HP 37224 Noise Gen- 
erator as a function whose positive zero crossings 
were of interest, a measuring system identical to that 

shown in Figure 29 was used (o determine py(n, to), 
except that signal a In this figure was a Gaussian 
rather than binary random signal. 

Figure 30 shows plots of the probability density func- 
tions with different parameters of t, andof sequence 
length of the noise generator's outpikt, If the noise 
Irom the generator was purely Gavssian, white noise, 
the functions shown in the Figure would be Posson- 
distributed. They are obviously not; for exemple, 
the probability density functions decay to zero for 
‘muchsmaller valuesof n_than does the Poisson prob- 
ability density function. This 15 due to the bandwidth 
Limitation onthe output noise from the noise genorator. 
Thus, this measuriog system is capable of ndicating 
band limiting of apparently Gaussian noise, 
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Figure 29 
  

    

    

  

  

                  
          

  

A s 
PP A N elfliEon 2880 cnosame 

) i o g g 
B s e NS e T Bl 

    

Time statistics of switches inbinary output sig- A. System for measuring pa(n,t,). B. System 
mi of 37223 Noise Generator. Figures 29D-1 for measuring pyng,t). C. Signal time chart, 
show Py t) of mumber of switches that ocour 200 s, £ty =2 trials. E. 1 = 400 s, 
in tg seconds or 1ty trials us measured by sys- trials. F. ty = 500 s, rtg = 5 trials. 
tom of 20A; ¥ ~1/(100s) fn all cases. I 29D- G, G, = GO0 s, Tt = 6 trials. K.ty -1 ms, 
H 2 true noise source (infinite sequence length) 0 trials. 1" to = 600 s, rig = 6 trials, 
was used. Figures 20J-M show pying, o time  Sequence length of the binaxy output of the 37224 

    

   

  

    elapsed during oocurrence of ng switches in 
random binary ouput of 37224, s measured 
by system of 298; r = 1/{100 us); horizontal 
scale is 20 8 per ohamnel por dot, So there 
are 3 dots per trial 

Noise Gonerator was set at § random digits per. 
sequence, Note difference between this function 
and that in 20G. J. n, = 1. Nonzero probabil- 
itiea ovour at channels 5, 10, 15, -, or at 
trials 1 (= ng), 2, 3, ~~ 
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Figure 29_(cont'd) 
  

  

K. ng=2. Nonseroprobabilities L. 
odeur at channels 10, 15, 20, 

., or at triala 2 = ng), 3, = 

  

By=a- 

  

    

Nonzero probabilities M. 
odcur at channela 13,20, 25,30, 

, or at trials 3. 4,5, 

  

o = 4. Nonzero probabilic 
odeur at channels 24, 25, 30, 

or at trials 4 (= ny), 5, 

  

        

  

Figure 30 
  

  

‘Probability density functions Py, t,) of num= 
ber of sero crossings from Gaussian output 

rator, 
   A, In upper trace, ly 

crossings per second, and noise bandwidth 
was set at 50 kliz. In lover trace, { = 
1000 us, 4 = 3,520 zero crossings per sde- 
ond, and notse bandwidth was set at 5 kitz, 
In both cases, true noise infinits sequance 
length) was used.   

  

100 s, 
crossings per second, and noise bandwidth 
was st at 30kliz. In upper trace, sequence 
length was infiaite (true noise was used as 
2 source); in lower trace, psuedonolse with 
2 sequence length of 12 random digits was 
used. 

B, In both traces t, 33,300 zero   
  

C. PULSE HEIGHT ANALYSIS (PHA) MODE 

Pulse helght avalysis (PHA) is the third mode of op- 
eration that provides statistical analysis of signals, 
The most common and {amiliar application. for the 
54004 Analyzer operating in the PHA mode 15 in nu- 
clear work, but there are some other potentially 
important uses for this mode. 

  

. Nuclear Applications. 

The HP 54004 Multichannel Analyzer was built pri- 
marily to satisfya growing market related to nuclear 
spectrometry, specifically to meet 2 need for a meas- 
ure of the relative {requency of occurrence of nuclear 
emissions of different encrgy levels in an unknown 
source. The 5400A makes this measurement by plot- 
ting the distribution of pulse heights from a nuclear 

detector and therefore of the energy of particle emis- 
sions from nuclear sources. Since this application is 
described in detail in other notes and manuals, it will 
not be discussed further here, 

2. Distribution of Rises and Maxima of a Voltage 
avelorm.   

M. Joselevich and G. L. Hedin (Ref. 2) point out that 
it is often valuable to obtain data on the rises and 
positive maxima of random processes to be used in 
communications systems, for damage predictions on 
randomly excited mechanical systems and others. 
They describe a measurement system that will pro- 
vide exceedance distributions of positive maxima and 
of rises (the voltage difference between a minimum 
and a maximum) of a voltage waveform. Figure 31 
shows a block diagram of the instrumentand the rele- 
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Figure 31 
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vant signals. By setting the threshold voltage of the 
counters at, say, Vr, the counters will count the num- 
berof pulses in 2 giventime period representing rises 
or positive maxima that exceed voltage V. Thus by 
incrementing manually the threshold voltage level Vr, 
an exceedance probability distribution (the probability 
that the pulse will exceed Ve volts) as a function of 
Vi can eventually be measured. 

I the frequencies in the waveform are high enough 
that the time to peak of the pulses representing rises 
and positive maxima in Figure 31 (signals 5 and 6) is 
less than 12.8 us, the 6400A Analyzer can be Substi- 
tuted for the counters in the system, signals 5 and 6 
can be fed intothe ADC inputof the analyzer (which is 
operating in the PHA mode) and a probability density 
functlon of the rises or of the positive maxima will 
be plotted. (The probability density function of the 
positive maxima could be plotted in one half of the 
‘memory and that of the rises in the other half.) The 
advantages of using the 5400A in this application are 
not only that it is far faster and easier to use thanthe 
manual procedure of incrementing threshold voltage 
levels, but also that the probability density function 
often provides information In 2 more convenient form 
than does the exceedance probability distribution. An 
exceedance probability distribution, defined as 

BV = [ e ) 
VT 

where plx) is the probability density function is & 
"smoothing" operation an the probability density func- 
tion; thus some of the shapeof the latter might beob- 
scured by 1ts exceedance distribution. Moreover, it 
is often desirable to measure directly the probabllity 
that a maximumof a specified height will occur--such 
ameasure is directly performed by the 54004 analyzer 
but is perhaps difficult to deduce from an exceedance 
distribution. 

3. Shot Noise Height Distributions 
  

In the discussion above on the distribution of events 
withrespect to time, it was pointed out that probability 
density functions of the rate of occurrence of shot 
noise pulses or of the time interval hetween pulses 
could be measured by the 54004 operating in the MCS 
mode. Operating in the PHA mode the 54004 can also 
measure the probability density function of the height 
of the shot noise pulses by simply feeding the pulses 
Intothe ADC tnputof the analyzer and setting the mode 
of operation switch on PHA. If the time to peakof the 
pulses is longer than 12.8 s, perhaps differentiation 
and amplification by the HP 55624 Linear Amplifier 
will be necessary. Thus both amplitude and time in- 
formation about shot noise canbe measured using the 
5400A Avalyzer. 

  

4. Jitter on Pulses 

‘The deviationof the heightof pulses from apulse gen- 
erator, for example, can be measured with the 54004 
Analyzer operating in the PHA mode, The probability 
density function of the pulse heights will indicate the 
mean of the pulse helght, the maximum exeursions 

from the mean, and the percent of pulses whose heights 
deviate from the mean or from the most probable 
pulse height. 

Figure 32 shows an example of such a measurement. 
The upper picture is the display on the 54004 after it 
had analyzed the pulse heights from a Milli-Mike 
Model 751 Pulse Generator. The vertical scale is 
5000 counts per division. The bottom picture is of 
the same probability density fanction except with the 
display magnified to 20 counts per division with the 
use of a special cable from the memory to the display 
that increases the resolution by a factor of 10. Be- 
tween the two displays and the settings on the 54004, 
much information about the amplitude characterlstics 
of the pulser can be obtained, The marker on the far 
right in the figure is channel 869. Therefore the most 
probable pulse height corresponds to channel 870 and 
Lies in the voltage range from 1. 25(870/1024) = 1.044 
volts to 1. 25(871,/1024) = 1. 0452 volts, since the in~ 
put range of the ADC was Set at 1.25 volts full scale 
and the output range at 1024 channels. Notice that 
resolution of voltage measurements is 1.2 mV. From 
the lower picture, the maximum excursions from this 

  

Figure 32 
  

  

Probability density fusetion of pulse beights 
from a Model 751 Pulse Generator. B hasa 
vertical scale of 20 counts per division and s 
‘an expanded view of A (whose vertical scale is 
500 counts per division).       

39



most probable voltage level are one channel or 1.2 mV 
in the negative direction and seven chamnelsor 8,4mV. 
in the positive direction. The total deviation of the 
pulse heights during the 10 seconds of operation, dur- 
ing which about 25,000 pulses were analyzed, was 
nine channels or 10.8 mV. Of the total of 35,000 
pulses that occurred during operation, 21, 050 pulses. 
or 84% fell within the voltage amplitude rangeof 1.044 
to 1..0452 volts corresponding to channel 870. 

Thus agood analysis of the stability of the pulse heights 
from the pulser was obtained in 10 seconds of operat- 
ingtime, Similar measurements could be madeinthe 
study of noise introduced by 4 transmission system 
on pulse heights. 

5. Pulse Amplitude Modulated Signals 

In the PHA mode the 54004 Analyzer can be used to 
‘measure the probability density function of the modu- 
lating signal of a pulse code modulated signal. Thus 
if a series of pulses is modulated by a sine wave the 
54004 will provide a plot of the probability density 
function of a sinusoidal waveform. (An example of 
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such a waveform is shown in Figure 1). Such meas- 
urements could be used to analyze any distortion or 
noise introduced by the modulation process or by & 
transmission network, since the probability density 
function of a signal is very sensitive to some kindsof 
distortion and noise. For a detatled discussion of 
noise anddistortion measurements derived from prob- 
ability density functions see the sections on distortion 
and noise measurcments when using the SVA mode to 
perform statistical measurements. 

‘This capability of the HP 5400A Multichannel Analyzer 
to provide a variety of statistical measurements on 
many different forms of signals is a valuable contri- 
bution to_the field of measurement. Probability and 
statistical studies haveto date been primarily the work 
of the theoretician, since statistical Instrumentation 
has been slow in coming. Theoreticians haverecently 
been discovering the value of statistical analysis in 
understanding and solving problems that wouldother- 
wise be impossible to deal with; now the 54004 Ana- 
Iyzer can provide the experimenter with sore of this 
same capability to solve otherwise impossible meas- 
urement problems,



SECTION Il 

TIME WAVEFORM MEASUREMENTS 

Not only can the HP 5400A Multichannel Avalyzer be 
used for statistical analysis of signals (primarily by 
plotting probability density functions), but the 54004 
also can graph waveforms s  function of time if the 
waveforms are digitized. This capability is made 
possitile by the MCS mode of operation, in which the 
channels in the digital processor of the 5400A are 
successively addressed and incremented by counts 
coming 1nto the MULTISCALE Input of the analyzer. 
In this mode of operation the channels, if addressed 
at o constant rate, represent time on the horizontal 
axis of the display, and the number of counts in the 
chamnels represents the functionof time on the verti- 
cal axis. Thus the 5400A can play the roleof anoscil- 
loscope under certain conditions and has the additional 
feature of storing the waveform in digital form. 

There are two general conditions: (1) the time data 
to be stored and plotted by the analyzer must be in 
digital form ( the HO-5400A can be used to 
digitize a voltage waveform, as discussed below), 
since discrete pulses are required to augment the 
counts in the channels; and (2) only one sweep can be 
made across the channels or a synchronizing pulse 
must be available sothat the digital processor is trig- 
gered to begin each sweepof the channels at the same. 
point of the waveform's period. 

  

A. WAVEFORM DIGITIZING 

The H06-5400A, a modification of the 54004, can 
provide a digital plot of an analog voltage waveform 
versus time. With this modification the input wave- 
formis sampled by the ADC cpexating in its SVA mode. 
Meanwhile, the memory unit of the analyzer is ope 
ating in the MCS mode. An external synchronizing 
signal is required into the analyzer's SWEEP TRIG- 
GER input to allow coherent sampling of waveform 
data if more thanone sweep of the memory is required 
(or else the HOG-5400A must provide 2 synchronizing 
output to the device being sampled). When the ADC 
samples the input voltage waveform, a gate outpat from 
the ADC s obtained whose time duration s propor- 
tional to the voltage amplitude of the waveform sam- 
pled. This gateoutput is then routed into the memory 
and used (o gate a 10 MHz signal into the memory unit 
acting as a multichannel scaler. 

  

When an input voltage waveform is sampled at the 
beginning of an experiment the analyzer is ready to 
count data_pulses in channel 1 {as though it were a 
scaler). The number of pulses from the 10 Mz 
clock accumulated in chennel 1, or memory location 1, 
15 proportional tothe length of the gate recetved {rom 
the ADC. Thus if the sampled input voltage anpli- 
tude caused a gate output from the ADC that was 5 s 
Long, the number of pulses from the 10 MHz clock ac~ 
cumblated in memory location 1 would be 50 counts. 
At the end of the sample time (set on the SAMPLE 

TIME/RATE control) the memory advances to mem- 
ory location 2 or channcl number 2. The nput volt- 
age wavelorm 1s sampled again and the gate length, 
which is again proportional to the amplitude of the 
voltage waveform sampled, is routed to the memory 
to gate the 10 MHz signal. ~ This process is repeated 
all the way down through memory location 1023, which 
is the full address capability of the memory in the 
5400A. The analyzer then awaits a synchronizing 
pulse into its SWEEP TRIGGER input. At this time 
it will again sample the voltage waveform and incre- 
ment proportionally the count in chamnel 1, and 50 on 
until the analyzer is stopped. Figure33A graphically 
demonstrates the digitizing of the data by the HO6~ 
54004, 

This mode of operationof the HOG-54004 is somewhat 
similar to the summation mode of operation of the 
HP 5480A Signal Analyzer which is specifically de- 
signed to operate as a signal averager, Figure 33B. 
shows a digitized sine wave that was stored in the 
memory of the HOS-5400A. The horizontal scale cali- 
bration is 100 us per dot (each dot corresponds to the 
data contents of a memory location or channel). Thus 
the waveiorm digitized in Fig. 33B is 770 Hz (period of 
1.3 ms). The sine wave digitized here by the H06-5400A 
was non-noisy data. However, the signal-to-noise 
ratioof nolsy waveforms may be improved by repeated 
averaging, as discussed below. 

B. SIGNAL AVERAGING 
1. Signal-to-Noise Enhancement of Time Waveforms . 
  

Tn Figure 34A we have a picture of a 490 MHz wave- 
form on the Model 140 Sampling Oscilloscope derived 
from the 32008 Oscillator. Inserting Gaussian noise 
to modulate the 490 MHz signal, we get on the oscillo- 
scope the waveform shown in 34B. This waveform, 
when sampled coherently with the HOG-5400A Analyzer, 
gives a cleaned-up waveform, as shown in 34C. The 
latter figure is 100 averages of the noisy waveform 
seen 1n34B. This averaging improves signal-to-noise 
ratio by a factor of the square root of the number of 
times sampled; in this case, the signal-to-nolse im~ 
provement is a factor of 10. 

2. Signal-to-Noise Enhancement of Output of 
ectrum Analyzer 

Figare 35A shows the output of a spectrum analyzer 
tuned to the FM band with maximum IF gain and zero 
attenuation at the front end. Note that the responses 
are very clear and are protruding enough from the 
noise of the baseline to allow analysis of the data. 
Figure 358 shows the same band with 10 B attenua- 
tion and 35C shows the band with 20 dB attenuation. 
With 10 dB attenuation, several of the responses have 
already dropped below the noise level and are no longer 
discernible. Note the data in the upper trace of 35D; 

a1



  

1000 averages of the analog data (¥-axis output) from 
the spectrum analyzer clearly restore the irequency 
data from the baseline nose. With 20 dB attenuation 
as shown in 35C all respanses are obscured by the 
baseline noise. The lower trace in 35D shows 1000 
averages of these data; all responses except one are 
clearly pulled out of the noise, The single response 
which was not restored was rather 1ow level to begin 
with and probably was below the sensitivity of the de- 
tector in the spectrum analyzer, Empirically, then, 

Figure 33 

we can say that the signal-to-noise enhancement of 
spectrum analyzer data i at least 20 dB, from the 
data shown here. 
The undershoot present in the averaged waveforms 
taken from the spectrum analyzer is due to the ac 
coupled inverting amplifier used on the 0 to -4 volt 
output from the spectrum analyzer. 
The connections for using the HO6-5400A (signalaver- 
ager version) to enliance data collected on the spec- 

Figure 34 
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trum anatyzer are as follows. The sweepoutput from 
the 5400A is used to drive the external sweep of the 
spectrum analyzer, This is necessary to synchronize 
the spectrum analyzer sweeps to the memory of the 
54004, The IF ouiput from the spectrum analyzer is 
then sampled by the HOG-54004, Thus the coordinates 
of the 5400A data taken from the spectrum analyzer 
are the same as those of the spectrum analyzer, i.e., 
frequency on the horizontal axls and intensity of re. 
Sponse on the vertical axis. 
C. PULSE RATE AND FREQUENCY 

Operating in the MCS 1mode the 5400A can provide a 
plot of rate versus time of pulses from a source by 
Simply feeding the pulses into the MULTISCALE in- 
put of the memory unit of the 54004, sctting the ac- 
cumulate mode switch on MCS, setting the SAMPLE 
TIME/RATE switch at a convenient setting (depending 
on the frequency of the incomlng pulses and the rate 
at which this (requency is changing with respect to 
time), setting the PRESET SWEEPS switch on 1 un- 
less a synchronizing signal is available, and obsery- 
ing the display on the oseilloscope of the 54004 or on 
some other readout device, such as a printer or an 
X-¥ recorder. 
‘The 54004 in this mode of operation begins by addres- 
sing channel 1 for the time fixed by the SAMPLE 
TIME/RATE control, adding to the count in channel 1 
the number of pulses occurring at the MULTISCALE 
input during the time that channel 1 is addressed, 
then addressing chamncl 2 and adding to the count in 
channel 2 the number of pulses occurring at the MULTI~ 
SCALE input during the time that channel 2 is ad- 
dressed, and So on until channel 1023 is addressed, 
after which time the analyzer is stopped, or a synch- 
ronizing pulse occurs at the SVEEP TRIGGER input 
and the 5400A again addresses channel 1 and the cycle 
15 repeated. (Actually, channel 0 is addressed first, 
Dut its count is not determined by the MULTISCALE 
S0put.) The rate at any time interval (represented 
by a memory location or a channel number) is then 
calculated o be the number of counts in the corres- 
ponding channels divided by the time for which the 
channel was addressed. If only one sweep oceurred, 
that time is that specified on the SAMPLE TIME/ 
RATE switch; if more than one sweep occurred and 
a synchronizing pulse was used, the time tnterval is 
the number of sweeps indicated on the PRESET 
SWEEPS control multiplied by the time spent at the 
channel per sweep indicated on the SAMPLE TIME/ 
RATE control. Thus, if five sweeps oceurred and 
the SAMPLE TIME/RATE control was set at 1 ms, 
the total time spent in each channel would be 5 ms, 
and if 200 counts were stored in channel 5, the aver- 
age rate of the source of the pulses in the {ime inter- 
val from 20 to 25 ms would be 40 kHz, assuming that 
a synchronizing pulse triggered the 54004 Analyzer 
Sweep Trigger at time zexoof the frequency wavelorm 
o the pulser. 

Figure36 shows the waveform of the rateof the pulses 
from an HP 214A Pulse Generator when the repetition 
rateof the pulse was varied manually during the sweep 
of the 5400A Analyzer. One sweep occurred; the 
SAMPLE TIME/RATE control was set at 10 ms per 

Figure 35 
  

  
      
F band on HP $51A/83514 Spectrum 
Analyzer. 
Same as A but with 10 dB attenuation. 
Same as A but ith 20 dB attenuation. 
Upper trace, 1000 averages of waveform 
inB; lower trace, 1000 averages of wave- 
form in C accumulated by 06-6400A, 
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channel; the pulser was varled between approximately 
1000 and 12, 000 pulses per second, and the vertical 
scale of the 54004 Oscilloscope was 50¢ounts per 
division. Thus the 5400A “demodulated” the signal 
that varied the rate of the pulser (the "signal” being 
the turning of the vernier knob of the rate control 
switch of the 214A Pulse Generator). 

Figure 36 
  

  

54004 Amlyzer record of time variation of 
pulse rate of 2144 Fulse Genezator duo to man- 
wally varying the verater knobof pulse rate con- 
trol. Horizontal seale 10 ms per chamel, 1024 
channels full seale; vertical scale 5000 counts 
per division. 

      
  

Figure 37 shows the output of the 5400A operating in 
the MCS mode when the input pulses were from the 
2144 Pulse Generator, whose rate was set near 10 
KHz but was not adjusted during the operation of the 
analyzer. The SAMPLE TIME/RATE control was sct 
at 1 sccond per channel during the accumulation of 
data, and one sweepof the digital processor wastaken. 
‘Thus the counts in the channel are direct measures of 
the average (over one second) rate of pulses per sec- 
ond coming from the pulse generator, and the display 
shows how this average rate varied With time during 
the 1000 seconds of operation. Looking at the lower 
picture, the maximum average rate was 9826 pulses 
per second, since the maximum number of counts (read 
by a printer for accuracy) was 9826 and the minimum 
average rate was 9820 pulses per second; thus the 
maximum deviation of average pulse rate during the 
1000 seconds of operation was 6 pulses per second or 
about (6/10, 000) 100% = 100% = 0. 06% of the average 
pulse rate. This measurement is avaluable indication 
of the residual frequency modulation in the HP 214A 
Pulse Generator. 

I the signal whose frequency variation with time is of 
interest is not from a pulser but, say, from a sine 
wave generator, measurements identical to that de- 
scribed above for the pulser can be made If a zero 
4 

Figure 37 
  

    

Time variation of pulse rate from 214A Pulse 
Generator. Horlzontal scale 1 sccond per chan- 
nel, 1024 channels full scale, 

A, Vertical seale 2000 counts per division. 
B. Figure 374 expanded to 20 counts per 

division.     
  

crossing detector, maxima detector, or some other 
device is available that yields pulses at a rate pro- 
portional to the frequency of the waveform. The HP 
55834 Single Channel Analyzer is an example of ade- 
vice that will yield pulses when the incoming wave- 
form (if high cnough in {requency) passes through a 
voltage level set by the discriminator; if this voltage 
level is near zero or if there is no amplitude modu~ 
Lation on the signal, the pulse rate at the output of the 
55834 is equal to the frequency of the input waveform 
to the 55834, These pulses can then be fed into the 
MULTISCALE input of the 5400A and a plot of the 
frequency of the waveform versus time, that is, FM 
demodulation, is-achieved. 

Figure 38 shows a plot of frequency versus time of a 
sinusoidal waveform from the HP 3300A Function 
Generator which was swept by the 3304A Sweep/Off- 
set plug-in, The output of the 3300A was input to the 
55834 Analyzer whose discriminator was set at 0. 10 
volt. The output of the single channel analyzer (Dis- 
criminator B), which consisted of voltage pulses oc- 
curring at the frequency of the sine wave output of the 

 



3300A,was fed into the MULTISCALE input of the 
5400A. One sweep of the memory unit of the 5400A 
was taken at 10 ms per channel, The frequency sweep 
Tate of the 3304A plug-in tothe function generator was 
set at about 0.1 Hz and the range of frequencies swept 
was approximately 10 kHz to 100 kHz. From sucha 
plot, such measurements as minimum and maximum 
frequencies and the rate of the frequency sweep are 
possible. The latter is measured by determining the 
number of channels that occurred between the start of 
a sweep and the endof the frequency sweep--900 chan- 
nels in this case--and then dividing this number into 
the rate at which the channels were addressed -- 
(1/10 m3)/300 = 0.11 Hz in this case. 

Figure 39B is the 5400A's plot of frequency versus 
time of the waveform from an HP 3300A Function Gen- 
erator, this time using the 3305A Sweep Plug-In, Al- 
50, a ‘synchronizing signal was used Lo trigger the 
sweep of the 5400A Memory Unit so that more than 
one sweep could be made. In this case, 100 sweeps 
of the digital processor were made (since the PRE- 
SET SWEEP control on the 5400A was set at 100), 
Figure 94 is a block diagram of the measuring sys- 
tem used. 
It should be noted that this ability of the 54004 to plot 
time waveforms is a sampling technique and thus is 

Figure 38 
  

  

Plot by the 5400A of frequency versus time of 
line wave from 3304A Sweep Plug-in to 3300A 
Generator. lortzental seale 10 ma per chan- 
nel, 1024 channels full scale; vertical seale 
200 counts per diviston.   
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Synchronizing frequency waveform to address 
scaler of 54004 Analyzer. 
A, Clroutt digram. 
B. Plotof frequencyversus time; 100 memory 

sweeps occurred. Vertical seale 2000 
counts per division; horizontal scale 10 ms 
per channel, 1024 channals full scale. 
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subject to limitations onthe sampling rate as compared 
{0 the frequencies in the signal being sampled. The 
Nyquist sampling rate (the rate under which error- 
free digitizing is impossible) is twice the highest {re- 
quency tn the sampled signal. For most purposes it 
15 desirable to have a sampling rate--in our case the 
rate at which the channels of the 5400A Analyzer are 
addressed--much greater than the (requencies in the 
signal. Thus, when digitizing voltage waveforms 
with the HO6-5400A or when plotting rate of pulses 
versus time (frequency demodulating pulses), the 
SAMPLE TIME/RATE control should be set at a time 
period long compared to the rate of changeof the volt- 
age or frequency wavelorm. The most convenient 
sample time i often easy o find by making several 
trial measurements with diiferent SAMPLE TIME/ 
RATE settings, as was done In the preceding examples. 

D. PULSE OR WAVEFORM PERIOD 
VARIATIONS WITH TIME 

Using the external SAMPLE TIME/RATE input of the 
54004, plots can be made of a function that is vary- 
ing with time as a function of some other variable by 
feeding this other variable, represented by a serles 
of voltage pulses, into the external SAMPLE TIME/ 
RATE input of the memory unit of the 54004 Analyzer. 
In other words, one series of events can be plotted as 
a function of another series of events; for example, 
if the dependence of the rate of one source of pulses 
on the period between the pulses (rom another source 
were desired, the latter pulses would be fed into the 
SAMPLE TIME/RATE input of the 54004 while the 
other source would be fed into the MULTISCALE input. 
The 5400A would be operating in the MCS mode, the 
PRESET SWEEPS control would be set at 1 (unless a 
synchronizing pulse were available), and the SAMPLE 
TIME/RATE switch would be set on EXT. The dis- 
play on the 5400A at the end of the sweep, then, would 
represent successive periods between pulses from the 
"independent” source on the horizontal axis, indicated 
Dy channel numbers, and the number of pulsesfrom the 
"dependent” source that occurred in eachof these suc- 
cessive periods on the vertical axis, indicated by the 
count in the channels. The periodof the "independent” 
source simply replaces time as the independent vari- 
able plotted on the horizontal axis. (Note that the 
periodof the pulses fed nto the SAMPLE TIME/RATE 
input must at all times be greater than the period of 
the pulses fed Into the MULTISCALE input, since 
fewer than zero counts cannot be stored in the chamnel.) 

An example of this mode of operation is the measure- 
ment of variation in the period of a waveform. It 
pulses occurring at the same point of the period of a 
‘waveform are fed into the SAMPLE TIME/RATE input 
of the 5400A Analyzer, the SAMPLE TIME/RATE 
switch is turned to EXT position, and the ACCUMU- 
LATION mode control is set on TEST position, the 
digital processor will address each channel during the 
time between pulses fram the unknown source. Thus 
the display on the 5400A Oscilloscope, after one sweep 
of accumulation of datatakes place, will be the number 
46 

of counts from the internal 1Mz clock that occurred 
during the nth period from the source, where n is 
represented by memory locations and can vary from 1 
t0 1023, Since the rate of the 1MHz clock is constant 
with time, this display represents the time duration 
of the 1st, 2nd, .., and 1023rd period of the wave- 
form frof the time operation began, and thus indi= 
cates how the period of the waveform is varying. 

Figure 40 shows the results of such a measurement 
taken on pulses from an HP 2144 Pulse Generator 
which were fed into the SAMPLE TIME/RATE inpat 
of the 54004, The pulse generator was set near 10z 
and left unadjusted during the experiment, which was 
performed about 30 seconds after the pulser was 
turned on. Since the rate of the pulser was set near 
10 He, each channel of the 5400A was addressed for 
approximately 0.1 second; thus one sweep of the chan- 
nels took about 100 seconds. The vertical scale n 
Figure 40 is 200 counts per division (many foldovers 
have obviously takenplace). From thisplot the varia~ 
tion of the pulse period over a 100-second operating 
time with respect to successive periods can be ob- 
servedand such measurements as minimum and maxi- 
mum periods, maximum deviation of period, and the 
general variation of the period with respect to time 
can easily be made. In this case, the maximum 
period, occurring néar the beginning of the experi- 
ment, was 116,404 counts divided by 1 MHz or 0.116404 
second, and the minimum period occurring near the 
end of the experiment, was 116,052 counts divided by 
1 Mz, or 0.116052 sécond. Thus the deviation of the 
period during the experiment was 0. 116404 - 0.116052 
second, or 852 us, which 15 about 0.315% period 
deviation. 

The general tendency of the period during the 100~ 
second experiment is (o decrease with time. This 
‘may be a warmup phenomena of the Pulse Generator. 
Besides this relatively slow variation of the perfod, 

Figure 40 
  

  

54004 Analyzer record of variation of period 
betwoen pulses from 214A Pulss Generator. 
Each channel on horizontal scale reprosents 
period; vertical scale 200 counts per division.     
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there appears to be a somewhat random variation of 
about 200 counts, or 200 s in the period, from chan- 
nel to channel, indicating random noise in the system 
affecting the period of the pulses. 

Note that, unlike the rate versus time measurements 
described in the preceding example, this last example 
measures a discrete function, since the numbers of 
periods are discrete, That is, an exact measurement 
15 made of the time duration of the nth period of the 
waveform from the beginning of the operation, where 
n is an integer from 1 to 1023; the measurements de- 
scribed in the preceding section, however, were in 
effect averages of the frequency of the waveform, 

where the averages were taken over the time set on 
the SAMPLE TIME/RATE control anddiscrete mem- 
ary locations represented the continuous variable of 
time, 

The ability of the 54004 Analyzer to perform both of 
these kinds of measurements should prove invaluable 
to the experimenter, for he can measure the "instant- 
ancous frequency of relatively slowly varylng wave- 
forms with the method described in this section, or 
he can measure how the average frequency (and there- 
foreperiod) of a relatively highrequency waveform is 
varying over time, using the method described in the 
preceding section. 

SECTION IV 

CONCLUSION 

‘The HP 5400A Multichannel Analyzer is a very versa- 
tile instrument. Not only is it capable of making a 
variety of statistical measurements on many different 
forms of signals, but it can also be used to store and 
plot deterministic signals as a function of time or as 
a function of some other independent variable. 

Perhaps the 54004 Analyzer's most fmportant contri- 
bution to the art and technigue of measurement is its 
ability to provide statistical information about signals. 
Statistical analysis is a new and growing tool for sci- 
entists and engineers and has been thus far confined 
totheoretical rather than experimental analysis, Few 

people working with probability theory, information 
theory, and related statistical flelds have seen aprob~ 
ability density function actually plotted by an instru- 
ment. The lack of statistical instrumentation has 
hampered these researchers by confining them to 
theory. This application note is an attempt to point 
out some of the potential of the HP 5400A Multi- 
channel Analyzer 10 bridge this gap between theory 
and experimentation. The note is, of course, only 
a beginning discussion; as experience is gained with 
the 54004 in a variety of electronic applications, a 
much broader statement of its potential should be 
possible. 
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APPENDIX | 

PROBABILITY THEORY AND DENSITY FUNCTIONS 

Since the HP 5400A Multichannel Analyzer s basical- 
lya statistical analyzer, it is helpful to have some 
understanding of probability and statistics so that the 
discussion of measurements made by the 5400A may 
be more meaningful. This appendix provides some 
relevant definitions, an important theorem for calcu- 
lating probability density functions of random vari- 
ables, and some examples of probability density func- 
tions that have been measured and displayed by the 
analyzer. 

A. DEFINITIONS 

1. Random Variable and Random or 
Stochastic Processes 

A random variable x can be thought of asa number as- 
signed to the outcome of an experiment where each 
possible outcome of the experiment has a specified 
probability of ocourring and the sum of the probabili- 
ties of all possible outcomesof the experiment s equal 
to one. If the experiment is performed repeatedly, 
eventually all of the possible outcomes, designatedby 
the random variable x (¢) where { denotes a specific 
onteome, will occur, and the relative frequency of oc- 
currence of each outcame x (41) will approximate the 
corresponding probability assigned to the outcome. 
Thusif the experiment involves tossing 2 die, the ran- 
dom variable could be the set of numbers (1,2,3, 4,5, 
6), eachof which has a probability of 1/6 of occurring; 
therefore each would oceur 1/6 of the time if the ex- 
periment were to be repeated enough times. 

For our purposes, a random process or stochastic 
process will have the same meaning as does a random 
variable. (Generally a stochastic process refers toa 
function of time; that is, the successive time intervals 
are thought of as the set of experiments and the func- 
tion that is yarying with time, say a voltage level, is 
taken to be the random variable.) 

2. Probability Density Function 

The probability density function py(x) of a random 
variable x 1s the st of numbers, Greater thin zero, 
assoclated with each possible outcome or with each 
possible value of the random variable x such that 
the sum of these numbers equals 1. Thus 

0> 0 
and a1 

Soax-tor 3 p =1 
over all x 

  

  

This probability density function of a random variable 
x can elther be assigned arbitrarily to x so that Eq. 
A1 holds, or it can be measured by repeating the ex- 
periment an infinite number of times and designating 
the fraction of times that the outcome x; occurred as 
Px (1), the probability associated with the specific out- 
come designatedby x;. Sinceprobabilityalmostalways 
implies a measure of the chance of getting a specified 
outcome, even when probabilities are assigned they 
represent the fraction of times the various possibie 
outcomes are expected to occur if the experiment is 
performed an infinite number of times. The 54004 
approximates probability density functions by Storing 
the outcomes of a finite number of experiments andin- 
dicating the relative frequency of occurrence of the 
outcomes. The longer the 5400A is in operation, the 
more accurate its measurementof a probability density 
function becomes. 

Probability Distribution Function 

‘The probability distribution function Py(xr) of a ran- 
dom variable x is the probability that the specificval- 
ue x (Cj) representing an outcome i i less than or 
equal 1o a specified value x of the random variable; 
Le., 

P (x) = Probability (x = x,.) Z ) 

over x= = Xy, 

AR a2) 

The probability distribution function is a function of 
x. 15 monotonic, and lies between 0 and 1: 

  

02P xp) <1 

4. Exceedance Probability Distribution 

The exceedance probability distribution is one minus 
the probability distribution function: 

P o k)= 1- P fx ) /P(XDdx e 
xp overx> xp, 

(a3) 

5. Expected Value and Variance of a Random 

  

The expected value of a random variable Xisa meas- 
ure of its average value and is defined as 

9



  

£ = f o o 

  

or 
=3 xp )t x is discrete. 
over 
all x (a4 

‘The variance of a random variable x is a measure of 
its deviation away from its mean and is defined as 

vartx) = f eowl? p,(ax 

or 

> xew? p ) it x is discrete. & 
all x {a5) 

B. FUNCTION OF A RANDOM VARIABLE 

It s often of interest to know the statistics of a ran- 
dom variable that is a function of another random var - 
iable whose statistical quantities (suchas its probabil 
ity density function) are known. For example, the 
height of voltage samples of a waveform mightrepre- 
sent the dependent random variable y, and the inde- 
pendent random variable x would represent the phase 
of the waveform at which sampling ook place. (The 
experiments would be the repeated sampling of the 
waveform.) I the wavelorm is sampled randomly, 
then the probability density function of x is known to 
be uniform (every possible value of phase is equally 
likely 1o occur when the wavelorm is sampled). It 
the relationship between y (the volfage waveform) and 
 (phase) is known, then the probability density func- 
tion of y can be deduced. 

  

Here 15 the fundamental theorem that shows howto cal~ 
calate () given p x) if y = glx): * 

Let X}, Xy, .., %,, .. be the real roots of the    
equation 

¥y =gl 
and let 

&' = 90 

then 
Pelxp) Rl 

py¥) = ‘—h",...w‘ . (a8) 

  

*The theorem and the following proof are found in 
Ref. 3, p. 126. 
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Clearly the numbers xi, .., xn, ... depend ony. I, 
foracertain y, theequation y = g(x) hasno real roots, 
tenp () =0. ¥ 
The proof is as follows. To avoid generalities, 4s- 
sume thatfora given y, the equation y = g(x) has three 
£00t8 x;, X,, ¥y, a8 In Figure AL 1t s evident that 

yedy 
Prob. {y<y<y+dy) - f », 4y’ (1) e ¥ 

@n 
Therefore, to determine p,(y) it suffices to find all 
values of x such that 

y<glx) <y +dy (a8) 

From Figure Al, this inequality is true for 

XXX AR, X adey <X <X, Xy <x <xg 

where 
@) >0, dx, <0, dxy > 0. Hence 

Prob fy <y <y i) = rob: xy <25y tm] 
+Prob. [x, +dn <x <x,] +Prob. {x <x<xg +dxy) 

  

  

  
  

  

  
         

Figure Al A9 

i ., ) 
Plot of y = gtx) aad py(x). The saludlons of the 
equation y = () sre X1, Xz, and xg. 

This sum is the shaded area of Figure A1, but 

Prob. [x) <x<x; +dx)) % pyfx)) dxy 

Prob. (x, +dx, <x <X} %, (x) |dx, | 

Prob. [x, <x< X+ dx3! = px‘)%) g (A10)



    

Moreover, since dy = g'(x)dx, Eq. A9 becomes 
vy fxy) »,(x)) 0, fx3) 0L T o ; L R ey R 

or 

o B nE) nbg 
L A () €7l * Ty 

which proves the theorem for this case. One can rea- 
son similarly for any other form of g(x). 

C. EXAMPLES OF PROBABILITY DENSITY 
FUNCTIONS 

Following are examples of probability density func- 
tions of different random variables and of various 
functions of random variables; all of these can be 
measured with the HP 5400A Multichannel Analyzer. 

  

Uniform Probability Density Function 

The uniform density is given by (see Figure A2) 

0= 1/@a) for ~a<x<a 

  

0 otherwise (a12) 

1f a periodic waveform is sampled randomly, any par- 
ticular phase of the period is as Likely to be a sam- 
pling point s is any other phase; that is, the proba- 
bility density function of the phiase angle (a random 
variable) at which sampling takes place is uniform 
over the period of the vaveform: 

1 Py )= b for ~r<o<n 
- Dotherwise, a19) 

where an entire period of the waveform occurs in the 
interval (-r, 7). This observation is relevant to the 
SVA operating mode of the 54004, 

Figure A2 
  

  

      

2. Gaussian Density Function 

The Gaussian (or normal) density fanction is given 
by (see Figure A3): 

(a14) 

  

where o7is the variance of the random variable x, 
defined as, 

   et pyex ) 
  

and s is the mean of the random variable, defined a3 

u = [ xp o (a4) 

This density describes the probability density function 
of the amplitude of white, Gaussian noise. 

Figure A3 
  

  

    
  

3. Poisson Distribution 

The Poisson process describes the random occur- 
rence of events in time with the following conditions. 
In any given time inferval, the probability that an 
event will oceur is independent of the probability that 
an event occured insome other time interval; the prob- 
ability that an event will occur in a time interval is 
proportional to the length of the time interval; and the 
probability that an event will occur at any given in- 
stant of time is equal to the probability that an event 
will occur at some other instant of time, With these 
conditions, the probability density function that n 
events will occur in to seconds at an average rate of 
Jevents per second is given by (see Figure Ad): 

Pyt = SR 815 

Note that n is the random variable, while 4 and t, are 
parameters. 

The dertvation of this density function (Ref. 7) is as 
Iollows: let the probability that an event will oceur in 
47 seconds be 

P, A7) = AT (a16) 
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where i is a proportionality constant. Since T is 
small, we further assume that the probability that 
more than one event will occur is negligible; thus for 
small A we obtain the following approximate relation: 

P(0,AT) + pi1,4m) = 1 (a17) 

The probability of no events occurring during a given 
interval is given by 

PO, tg + A7) = DO, to) D(0, d7) (a18) 
This follows from the assumption that the occurrence 
of an event in a giventime interval (47) is independent 
of the number of events that occurred in some other 
time inferval (t;). From Egs. A16 and AI7 we have 

p(0,47) 

  

-udr 

And Eq. A18 reduces to 

20,10 +47) B0, tg) RN 
—— =ty 

As a7 —~0, this difference equationbecomes the differ- 
ential equation 

A0, t,) 
i = - uBl0t0) 

  

  

  

which has the solution 

20, t)= e Mo (a20) 

  

with the initial conditions 
50,0 = lim. p(0,47) = 1. 

arvy 
The last result follaws from 7 - 0, Eqs. AL and ALT. 
Thus, the probability of no events occurring in ty sec- 
onds s given by gty where i is aproportionality 
constant yet to be determined. 

But theoriginal problem is todetermine the probabil- 
ity of exactly n eventsoecurring duringan interval of 
length (¢, +A7). For A small, there must be either 
one or nd events occurring indr; therefore 

Plnto +dm) = pln-1, t) B(L,47)+ p(n, L) p (0,47). 
(a21) 

Using the results obtained previously for p(1,47) and 
P(0,47), we have 
B0, to+ A7) - pln, t) 

  

+ 1BIL o) = Ba-1, ). i 
(a22) 

As 470, we obtain the differential equation 

ol to) 
—i— + By tg) = kpln-1,tg) e 

3 
a5 a recursion equation relating p(n, to) to pn-1, o) Since bz, 0) = 0, the solution o (s furst-order 1= 
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Figure A4 
  

  

Poisson probability density fanction b (0, 1)       
ear differential equation is 

wo [ oyt (a20 g 

  

o0, ) 
The last equation allows us to determine p(n, to) from 
Dini-1,t) by the following continuation process. We 
take n'=1 to oblain p(1, ) from Eq. A24 

DlL,t) = (utg) &0 (az5) 
From this result, we determine p(2,t) and then 
(3, to) and so on, The final general resulf (the prob- 
abilify that exactly n_events will occur during an in- 
terval of t, seconds) is 

(ut )™ 
i, )= o Hon=0,1,2,--  (a26) 

which is the Poisson probability density function. 

The constant 4 is evaluated as the average number of 
oceurrences during one second (the average rate of 
occurrence of the events) as follows, _Since the pos- 
sible number of events occurring during t, seconds 
ranges {rom zero to Infinity, we obtain 

Average fuf= “Z:D i) 

cut Y MY, 
i 

  

  

Since then=0  term is zero, we can write 

Average [} = e Y 
o1 

D 
F= 51 

  

Hence 
Average [nf = ut, (a2m) 

Now we simply observe that the average number of 
events occurring per second is Averagein| = . 

 



  

  

Note that 

PORTIEED SRR 
n=0 . 

  

  

   

  

as expected. 

The maxtmum of this function occurs at n = g -1 
and n = ut,, il ut, is an integer, whichis seen by’ the 
following Ealeulatfons. We wish o find the value for 
B such that the following equation holds: 

  

B,ty) - B~ 1,t) = 0 (a28) 

for at sach an n, p(n, ) will be a maximum (o min- 
imum). Then 

implies that 
n-1 (uty) 

=0T 

  

or 

it 
a-1 (ut) 

@I 

Since p(n, 0) = 0, we assume t, >0 and thus Bq, 420 
is true. (Note that for Eq. A28 to hold, ut, must be 
integral since n 15 an integer. Hence a aximum 
or @ minimum occurs at =it and at n = ity 1.) 

# 0 (a29) 

Further calculation shows that pliitg, o= p(ictg-1, 1) are maxima rather than mintma, and hence the modes 
of pln, to) are uto and gty - Lif ut, is an infeger. (In 
the much more {requent case whei i, 1s not aninte- 
ger, the value for n that minimizes the difference ex- 
pression b(n, o) - pln-1, to) is found to lie within the 
interval pt - 1<n<pto, and thus the integer that satis- 
fles this Inequality 1s the mode of the Poisson proba- 
Dbility density function. 

‘The 5400A operating inthe multichannel scaling mode 
canbe usedto measure the probability density function 
of the number of events that oceur in a given timein- 
terval, 

The reverse question can be asked regarding 3 Pois- 
son process: _what is the probability that ¢ seconds 
will elapse during the occurrence of a fixed number 
(no) of events? In this case, the random variablels 
the continuous variableof time t rather than the dis- 
crete variable of number of events. In order to cal- 
culate this provability density function of the 
random variable t, we observe that Eq. A15 isa prob- 

ability density function not only of n, but also of 
x= gt 

Ao x pngx) = 3y e gy = By 
Knowing the probability density function of x, and ob- 
serving that 

x=uty 

  

x_ tyet = % g 
is a function of the random variable x, the probability 
densty functionof the random variable t, png, D), can 
be calculated from Eq. A6: 

  

Hence 
Pylng,tl = 1;7 B, ut) 

or 

Y(see Fig. 45)  (a30)     

  

By trgut) 

nla 

Probability density function gy (n_,1) of ¢ sec~ 
onds elapsed during occurrencd ofn, events 
with ¢ the random variable when the events 
are Poisson-distribated.       

4. Binomial Distribution 

The probability that n successes (or events) will oceur 
in't trials (an event can occur only when a trial occurs) 
1= given by the binomial probabillty density function 
(see Figure A6): 

n g 6 = (" -p)' [re n 

  

where p is the probability that a success will occur 
during any one trial, and (§) are binomial coeffictents 
defined as 

53 

     



  

Figure A6 Figure AT 
  

  

  

Binomial probability deusity fuaction p, (5, to), 
whore t, s the number of trials; In (hi case, 
tg=9andp = 1/2,     
]I IT“&«, : 

Probability density function that t trials occur 
of which n,, were succosses or failures, where 
t i the random variable and when probability 
of  success 1a 1/2     

  

  

‘This density function is derived as follows: n succes- 
ses can occur in t trials 1n (5) number of ways, namely 
the number of combinations of t things taken n at 2 
time. The probability of each way of getting n succes- 
Ses in t trials is pH(1-p)t-D; for example I the first 
6 trials were successes and the last 5 trials were 
failures, the probability of this happening is pb(1-p)5. 
Thus the probability of 1 successes in ¢ trials is the 
sum of the probabilities of all the possible ways in 
which n successes In t trials can happen, namely 

o, = Qp"a-p' " 
which is the binomial probabllity density function, 

An example of a process described by this probability 
density function is the number n of switches from volt- 
age level 1 or 0o 0 or 1 that oceur at the t possible 
switching times if the probability of a switchoceurring 
at one of these t times is p. The binomial output of 
!he HP 3722A Noise Generator is such a process, with 

=1/2, and the text of this note describes how the 
B400h Analyzer can measure its probability density 
function. 

The reverse question can be asked regarding a bino- 
mial process: what is the probability that it will take 
€ trials toobtain n, successes (or events)? This prob- 
ability density function of the random variable t, rath- 
ex than of n, i (sce Figure AT): 

ol 
thLnD,n:(;o)p'k’ -8 °, t=ny ngrl, 

    

0 otherwise (432) 

where p is the probability that a success will occur in 
only one trial, and 1, 1s an integer > 0. 
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For example, if n, =2 and p=1/2, the probability 
o e e zero, the probability 
that 2 trials occurred is p(2,2) = ()’ , the probability 
that 3 trials occurred is p(2,3) = 3(), and so on until 
the probability that it took an infinite pumber of rials 
for 2 successes to occur is zero. 

    

An heuristic argument as to why Eq. A32 holds is as 
follows. From Eq. A3l, the probability of obtaining 
1 successes per t trialsis (§)pA(1-p)'T; but the prob- 
ability of ¢ trials occurring per n successes is the 
probability of n succasses occurring per t trials 
times the average number of trials per success, 
which 15 p, the probability of a success occurring in 
ane trial; thys,.the probablity of ¢ frials per n suc- 
casses 18 p (g1 -p)t-0] , and Bq. A32 follows. 

The sum over all possible number of trials t of this 
probability density function should equal 1. To check 
this fact, we define q = 1 - p and caleulate 

  

o1 teno 

  

since plng, t) for t< g is zero, 

Substituting K for t-n,, 
*’""‘lé: (K;cn\,)qx 

B (x‘n) (K%y (m..) 

Hence the sum becomes 

g Z (e o 

» this sum becomes 

Bhgy ot



    

read from a table of infinite sums. But 
o1 grto+ 1) L o+ 1y -+ 1) 

  

which is the expected result. 

Note that if instead of number of trials k the random 
variable is taken to be the continuous random variable 
of time t,and the number of trials is related by L=/, 
where r is the number of trials per second, then Eq. 
A32 becomes 

plog, 1= G50 * 11 oI ook, iy g 2 

  

where 3(t) is the Dirac delta function defined as 

s =0fort# 0 

Jowa 
This probability density function was plotted by the 
5400A when the sources were the binomial output of 
the HP 37224 Noise Generator, 

  

‘The remaining examples are probability density func- 
tions of random varfables that are functlons of another 
random variable with aknawn probability distribution. 

6. Linear (Triangular or Sawtooth) 

If y- g (9 = ax + b, then solving for x gives the 
the solution: 

-b     
   

g'(x) = 

  

Thus, from Eq. AB 

(433) 

  

I y, for example, is a triangular waveform which is 
sampled randomly, then the random variable x can be 
taken to be the phase at which the waveform s sam- 
pled, and the probability density functionof x becomes 

sésw (a34)   %) = pg(0) = g1, 
- 0 otherwise 

I y is as shown in Figure A8 then the equation for y 
as 2 function of phase is 

[r] ovmrensoso 
[z] - sorasoen 

Thus the roots of this equation are 

glo) = 

    

(A35) 

= F0-1 

  

-1, 

    

= lg'(é2)| 

  

  

  

  

  

    

  

  

  

  

  

      

  

    
  

        

Figure A8 
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« e 
Relation between 5 (6), §(6)=y and p, 5) when 
¥ 15 & trisngle waxe {3,  is a sinusoldad wave 
b and y is & square wavelorm (o).     
  

Thus the probability density function of y is 
1 1 B9 =TT Plen) Tt B 42) 

Syen | Yo,   7<6<T or for ~1<y<1, 

  

= 0 otherwise 
or 

By @)=1/2f0r-1< y< 1 
= 0 otherwise 

as shown in Figure A8, 

6. Sinusoidal Waveform 

Lety = sin(6 + ) where ¢ is a constant phase angle 
and 'y is a function of the random variable & ,which 
has & uniform probability density function 

1 
NORS -SRI R4 (a3m) 

= 0 otherwise 
Then the probability density function of y can be cal- 
culated from Eq. A6 as follows, The roots of the 
equation 

yosinlaeo) (438 
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are 
    g =arcsiny-g,1 ) I 4,01, 

But in the interval of possible 8, there are only two 
roots: 

      

    

LN arc sin¥ - ¢ (see Figure A8) {A39) 

Moreover 

@)= =acos (4,40 
o 

= o VTSI G @) =a /= G/al= var=yT; 

{ad0) 

and 
£'(6)) = a cos (4,+) = a y/T-sin (6,+9) 

a/1-p/ay -va-y () 
since 

sin'(6,+9) = sin’(0+9) = stn’ [msmg 

  

Plugging Fs. A0 and A1 into Eq. AS yields 

1 1 
U o o T P o 

aspel —m<gen 5 = s or 4T orfor -ay<a 

= 0 otherwise. (a42) 

as shown in Figure AGB. 

This probability density function can be plotted by the 
54004 Analyzer. 

1t is important to note that the probability density func- 
tion of y = sin (6+@) is independent of 6. Thus the 
probability density function of yy = cos 8 1s equal to 
that of yp = sin . In other words, probability density. 
functions of waveforms are independentof the phase of 
the waveform. 

  

Note also that in the case of a periodic waveform 
6=271t 

where I is the frequency of the waveform, But the 
probability density function of the waveform (y = sin 
(27 t + $), for example) is independent of 1 as long 
as 6= 2 ft is uniformly distributed between - and 
which is the case when random sampling of the wave- 
form takes place. 

  

This independence between the probability density 
function of the amplitude of a waveform and frequency 
and phase information in the waveform is important 
to keep in mind. Amplitude sampling gives amplitude 
but ot time or frequency information. 
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7. Square Waveform 
For a square wave such as that in Figure ABC that is 
sampled randomly it is obvious that its probability den- 
sity function 1s non zero at only two values of y -~ at 

    

y =V andy = -V. Thus the probability density function 
ofyis 

B =8+ VI W28 G-V (A%9) 

where 8(t) is the delta function defined by: 

s=0tor L £0, 
o 

8. Exponential Waveform 
Let 

  

1 (A44) 
  

¥ =80/ 
where x is a random variable withprobability density 
function 
i) =1k, 0< x5 k 

- 0, otherwise 
‘Then pyly) 1s calculated as follows (see Figure A9): 

el =y = a7 

implies that the root of g(x) 1s 

  

    

  

    

    

  

  

xp = -7 log (7/A) 
and 

A [ e S 
Thas 

hx(- 7 l0g (y/4) ) 
Y 

& torac ey a 

- 0 otherwise 

Figure A9 

AT v 
s yons 

s 
#yin 

i 
o 

Derivation of R, (y) where Tand p ) 
is as shown.      



  

9. Square Law Detection 
I y = ax?, where x is a random variable with proba- 
bility density function py(x), the probability density 
function of y can be computed from Ea. A6 as follows: 

  

dy/dx = g'(d = 2ax 

and the roots of y = ax* are 
xp=+ 9572 and xy= - Vy/a 

  

Thus 
1 1 

LX) ,Ehlyfi P, (V37R) *paVgalP-13R) 

War [Bx W)+ p VTR | ase)     

Note that y = ax” is proportional tothe power in asig- 
nalof voltage x across afixed resistor, and thus Py(y) 
is an indication of the distributionof the instantancous 
power in a signal 

1 x is untformly distributed (as in the ease of a tri- 
angle wave, for example), that is if 

PR =172, 1< x<1 

  

0 otherwise 

  

  

  

then 
    

  

1 1 1 
B9 = 37ay |rVioya " aVI-A 

e St 
" aay-yr 

1 

1 ' 
-G I, 05y 54 (At 2 3 ¥ <aladm   B = 

- 0, otherwise 

This function is shown in Figure AlL; it should be 
noted that it is simply the probability density function 
of a sinusoidal random variable displaced by 2/2 units 
of y. 

e s e ety e 
=31 - an 2] 

ing that the probability density function of a sinusoidal 
waveform is independent of phase and frequency, 

  

  

    

  

  

  
  

then from Eq. A6 Pl (as8) 
1 1 1 1 

nor- i [+ 3] 7 eroc s 
- 0 otherwise 

which s shown in Figure A10 along with py(x). 
1t x is sinusodal and thus has @ probability density Figare A1l 
focon grvonty 

R = s Ixl<a 

- 0 otnerwise 
Figure AL0 . 

ey v N7 i g 
ey 

./ B I o i 
L oyel 

oy ] % = 0 i o o 
o 

= 
Probability density function of g(s) 
when p,(5) 6 s shown. 

  

    ‘Probability density function of gix) = y = ax? 
when x 1s @ siusoldal waveform, with p (x) as 
shown in ASE and as shown here; notice that 
By(5) is of the same form us p, ().     
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from Eq. A42, and stnce 

  

which checks with Eq. A47 with a 
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Finally, if the random variable x is Gaussian and is 
squared, giving 

  

(Ad9) 1 -y/20° 
A 0y 

  

= 0 otherwise (a50)



    

   R. L. Phares (ref. 4) describes a circuit that will 
yieldat ifs output 2 voltage signal that 15 proportional 
to the square of the input voltage signal (except that 
the output is ac coupled and inverted). The circuit 
uses a matched pair of transistors forced to assume 
a square-law characteristic. It will operate with an 
open-cireuit output of about 10V peak-to-peakand has 
a range of almost 60 dB. The lower and upper cut- 
off frequencies (of the input waveform) were found to 
De around 15 Hz and 200 kHz, respectively. This 

APPENDIX 11 

A SQUARE LAW DEVICE 

circuit was found useful in measuring the probability 
density function of the power in an unknown signal over 
a fixed resistor. 

To adjust the cireuit, an input signal of 1000 kHz was 
used, and output was observed on an oscilloscope. By 
adjustments of pats, the output signal was equalized 
So that a pure 2KHz sinewave was observed atall In- 
put levels, 
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